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Abstract

In this paper, we give a generalization of normal curves to n-dimensional Euclidean
space. Then we obtain a necessary and sufficient condition for a curve to be a normal
curve in the n-dimensional Euclidean space. We characterize the relationship
between the curvatures for any unit speed curve to be congruent to a normal curve
in the n-dimensional Euclidean space. Moreover, the differentiable function f(s) is
introduced by using the relationship between the curvatures of any unit speed curve
in £7. Finally, the differential equation characterizing a normal curve can be solved
explicitly to determine when the curve is congruent to a normal curve.
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1 Introduction

Rectifying, normal and osculating curves in Euclidean 3-space E® are well-known con-
cepts in classical differential geometry of space curves; the position vector always lies in
its rectifying plane. The position vector of the rectifying, normal and osculating curves
are defined by, respectively,

al(s) =11(s)T(s) + na(s)B(s),

o (s) = Aa()N(s) + 2 (s)B(s),
and
a(s) = A3(s)T(s) + z(s)N(s),

for some differentiable functions A1, 1, Az, o, A3 and usz of s € I C R [1]. Here T'(s)
is tangent vector field, N(s) is normal vector field and B(s) is a binormal vector field.
{T(s),N(s), B(s)} is called a Frenet frame field. The rectifying curve in E? is given by Chen
[1]. After this curve was defined, different viewpoints have been developed concerning the
rectifying, normal and osculating curves in differential geometry. Some of the studies in
the curve theory have been given as follows.

Ilarslan et al. characterize non-null and null rectifying curves, lying fully in the
Minkowski 3-space [2]. Chen and Dillen introduce the idea that the Euclidean rectify-
ing curves are the extremal curves which satisfy the equality case of a general inequality
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and they find a simple relationship between rectifying curves and the notion of centrodes
in mechanics [3]. Furthermore, in [4] and [5], the characterization of a rectifying curve
is given in Minkowski 3-space and Euclidean 4-space On the other hand, Cambie et al.
examined rectifying curves in n-dimensional Euclidean space [6].

Spacelike, timelike and null normal curves in Minkowski space are investigated in [7,
8] and [9]. The relations between rectifying and normal curves in Minkowski 3-space are
obtained in [10]. Normal and rectifying curves are defined in Galilean space in [11] and
[12]. The osculating, normal and rectifying binull curves in R§ and R} are given in [13]
and [14]. The concept of a normal curve is given by quaternions in Euclidean space; the
semi Euclidean space was addressed by Yildiz and Karakus in [15] and [16]. The rectifying,
osculating and normal curves are studied by using octonions in [17].

In this paper, we investigate the properties of the normal curves in #-dimensional Eu-
clidean space by using similar methods as in [6]. We give first some fundamental informa-
tion about the concept of curves in E”. Then we characterize normal curves in E”. We ob-
tain a necessary and sufficient condition for a curve to be a normal curve in n-dimensional

Euclidean space. The explicit characterization of the normal curves will be proved.

2 Preliminaries

In this section, we present basic notations on the #-dimensional Euclidean space E”. Let
a:I CR— E", sel— a(s) be an arclength parameterized, # times continuously differ-
entiable curve. The curve « is called unit speed curve if (o, ) = 1, where the function (-, -)

shows the standard inner product in the n#-dimensional Euclidean space E” given by
n
(X, Y)= inyi
i=1

for each X = (x1,%3,...,%,) and Y = (y1,¥2,...,¥4) € E”. The norm of X is given by || X|| =
(X, X). On the other hand, X is an unit vector, if || X|| = 1. Besides, if the curve « in E"
is an arclength parameterized curve, then || 'Zl—‘; || = 1. The Serret—Frenet formulas for E” is

given by the following equations (see [18]):

T'(s) = k1(s)N(s),
N'(s) = =k1(8)T(s) + k2(5)Bi(s),
Bi(s) = —ka(s)N(s) + k3(s)Ba(s), 1
Bi(s) = —kis1(5)Bi_1(s) + kis2(s)Bi1(s), 2<i<n-3,
B,,_5(8) = —kn_1(s)By_3(s),
where k1, K3, k3, ..., k,_1 are the curvatures function of the curve and they are positive.

For basic information on the theory of curves in differential geometry, see references [19,
20] and [21].

3 Normal curves in n-dimensional Euclidean space
In this section, we generalize some definitions, theorems, and results to normal curves in

n-dimensional Euclidean space.
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Definition 1 Let « : I C R — E", s € [ — «a(s) be an arclength parameterized, n times
continuously differentiable curve. « is a normal curve in E”, if the orthogonal complement
of T'(s) involve a fixed point. The position vector of a normal curve in E” is

n-2
a(s) = MSN(s) + > pils)Bi(s), (2)
i=1

where we have some differentiable functions A and u; (1 <i<n-2)ofselICR.

Let o be an arc length parameterized normal curve in #-dimensional Euclidean space.
By taking the derivative of (2) with respect to s, we obtain the following statement:

n-2
o/(s) = N (IN(s) + A(S)N'(s) + Y _ (14i(s)Bils) + ui(s)Bi(s)).

i=1

By using the Serret-Frenet formulas given with (1) for the curve in the n-dimensional
Euclidean space, we get

T(s) = (<2 ()1(9)) T(s) + (W) = 1 ()k2(5))N ()
n-3
+ Z ) + tic1(8)Kir1(8) = pis1 (8)kisa(s)) Bi(s)
+ (1o (8) + Hn-a()Ku-1(5)) Buca(s).

If the mutual coefficients of the vector fields are matched in this last expression, the fol-
lowing statements can be written easily:

—As)i(s) =1, (3)
N (s) = pa(s)als) = 0, (4)
1 (8) + Als)ia(s) — pa(s)ica(s) = 0, (5)
wils) + pic1(8)icin1 () — i (8)kiva(s) =0, 2<i<n-3, (6)
Hyo(8) + tn3(8)Ku-1(s) = 0. (7)

The above statements contain (# — 1) curvature functions. The coefficient functions A and
Wi, 1 <i < n-2,in the position vector of the normal curve can be found with the help
of these (n — 1) curvature functions. From (3), we can find the following first coefficient

function:

1

Kl(S).

A(s) = - (8)

When the coefficient function (8) is used in Eq. (4), the other coefficient function is as
follows:

1 1\
M“h‘@@(m@>‘ ©
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The coefficient functions are given similarly with the help of the related coefficient func-
tions.

k) 1 1 1\ / 1Y
Ha(s) = _KS(S) (Kl(s)) - K3(s) (Kz(S)) <K1(5)>
1 1 1 "
k3(9) (Kz(s)) <K1(8)> ’ (10)

Thus, three coefficient functions are characterized by the use of curvature functions. But

there are (n — 4) functions to be found. When these functions are calculated, long and
complex expressions with curvature functions appear. We will describe some functions
as follows to simplify these complex and long expressions. These functions are actually
presented in the notation of long and complicated expressions. The first notation function
Y1,0(s) is defined by the following representation:

1

llfl,o(S) = _?(S)'

In this case, the second coefficient function with the help of this notation function can be
written as follows:

wi(s) = Iho(«‘)’)( 1(5))

Let us define other notation functions along similar lines: y;(s), ¥2,1(s) and ¥2(s) are
defined by

Yaols) = =28 wz,l(s):—i( ! ) V() = —— ( ! )

k3(s)” K3(s) \ ka(s) ke3(s) \as)

In this case, the third coefficient function with the help of this notation functions can be
written as follows:

1 1 / 1 "
Ha(s) = 1#2,0@)(@) * wzl@)(m) Y2als )< 1(5))

Similarly, let define the other notation functions: vr30(s), ¥31(s), ¥32(s) and ¥33(s) are
introduced by the following statements:

K4(S) iis(s) )’
1 ic2(s) 1 K3(5)
Vs,(s) = —K4(3) <K3(5)> K2(s) (K (s )>
 kals) |:K3 (K2 () ) ]
ol () ]
 ka(s) | k3(8) \ k2 (s) ,

v 1<1)(1
aals keals) \ k3(5) ) \sa(s)

1= () (o)
ST T ea9) \es(s) ) \ keals)

Y30(s) =
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In this case, the fourth coefficient function with the help of this notation functions can be

1 1)

T)"’”(T)
1 " 1 "
+w32(>( 1()) wss()( 1(3)) .

When other notation functions are defined and used, the other coefficient functions can be

written as follows:

u3(s) = 1#3,0(5)<

calculated. Moreover, these functions are generalized, and the following coefficient func-

tions are obtained:

s) = va() (K(s)) 25isn-2 (1)

Thus we get the following last two coefficient functions for i =n -3 and i = n — 2:

n-3 1

Hns(s) = an 34(5) as,(m), (12)
n-2 al 1

[na(s) = ; Vi) 55 (T@)) (13)

Substituting (12) and (13) into (7), we get the following relations:

= a1
(ZZ:O: Vu-3,1(s) 7 (m))'@:—l(s)
=——(vaz() (K (S)>) (14)

where
1
WI,O(S) = _mr
__al) Ly
I =20, )= (KZ (S)) ,
1 1
Yoo(s) = P (KQ(S)),
Piols) = Viz0(s)ki(s) + ¥ 10(8) (15)

Kl+l(s)

Vik(s) = Wica(s)ki(s) + ¥i_y o(8) + Yic1,1-1(5),

Yio1,i- 3(5)"'1/[1 1,i— 2(3)
Kz+1(s)

wz 1,i— Z(S)

Kinals)

1ﬁzz 2()

’

wu 1( )
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3<i<n-2,1<I<i-2.Substituting Egs. (8), (11) into (2), we get the position vector of

the normal curve «; it is given by

n-2 i
a(s)-——N(s +Z(Zwll()a,( ()>)B<s) (16)
i=2

where 2 < i < n - 2. Then we have the following theorem.

Theorem 1 Let a(s) be a unit speed normal curve in E" with nonzero curvatures. Then

a(s) is congruent to a normal curve in E" if and only if

1
(Zl/fnsz( 8S,( (S))>xn1(s)

9 [ a1
= —g (120: Wn-z,l(s)@ (m)) (17)

with v, introduced by Eq. (15).

Proof Let a(s) be a unit speed normal curve in E”. If Egs. (12) and (13) are written in (7),
then the statement (17) is obtained.

Conversely, suppose that there is a relationship between curvatures as in (17). Let us
define the Y (s) vector using the position curve of the normal curve with the curve «(s) in

E” as follows:

n-2

Y(s) = a(s) = MsIN(s) = Y _ jui(s)Bys). (18)

i=1

Taking the derivative from both sides of the previous equation with respect to s and by
using the Serret—Frenet formulas for the curves in E”, we obtain the following statements:

o ([ Kafs) 1Y/ 1Y\ 1 1\
Yl = ((m) ' <x2<s>) <x1<s>) - K2(5)<K1(5)> )Bl(s)
B K3(s) 1 1 Ko(s)
' £[<xz(s>> <K1<s>) ' <K3(s> <K1<s>))]32(s)
al 1 1\ /7 1Y 1 1\
" &[KS(S)<<K2(S)) (Iq(s)) - K2(S)<K1(S)) )]BQ(S)
K2 (s) 1\/ 1Y) 1 1
- [(()) N <K2(S)) <K1(s>) e <K1<s>) ]Bl“’
ka(S) [ [ Kka(s) 1\/ 1Y
") [(m@)) ’ <:<2<s)> <K1<s>) ]BB(S)
(oo (o) )
e3(s)iea(s) \ra(s) ) )72

I — /,Lnfg(S)anz(S)Bn—él(s)

- (/L/n_g(s) + ﬂn—Z(S)Kn—l(S))Bn—3(S)

- (/L/n_z(s) + /Ln—B(S)Kn—l(S))Bn—Z(S)‘
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If we compute the above equation, we get

, 1
Y(s):—(é Vn-34(s asl( (S)>) -1(5)
(S0 (L) B
T as Ynauls 831( (s)) S

1=0

From (14), we get obtain Y’(s) = 0. Therefore Y (s) is constant. Thus «(s) is congruent to a

normal curve in E”. O

Theorem 2 Let a(s) be a unit speed normal curve in E" with nonzero curvatures. o(s) is a
normal curve if and only if the following statements are satisfied:
(i) the principal normal and the first binormal component of the position vector o are

given by
1 1 1y
a(s),N(s)) = ——, o(s),Bi(s :——(—),
( (), N( > k1(s) ( (5). Ba )) Kka(s) \ k1(s)
(ii) the first binormal and the second binormal component of the position vector o are
given by
1 1y
a(s),Bi(s))=—— — ),
wr86)=- 5 ()

1 [kas) 1 LY
(a(s),Bz(s)) - —KS(S) [KI(S) ’ ((KZ(S)> <K1(S)> ) il,

(iii) the second binormal and the third binormal component of the position vector a are

given by

1 [xals) /
(Ol(s)rBZ(s)) = K3(s) I:Kl(s) ((K2 S)> (Kl(s)) ) :|
1
(O{(S),Bg(s)> - _K4(S) <K2(S) (Kl(s)) )

~coleo oo (o) o)) I}
Ka(s) | k3(s) [ k1(s) Kka(s) J \ k1(s) '

(iv) the jth binormal and (j + 1)th binormal component of the position vector o are given

by

ZW;I( st (K (s))
j+1 1
/+1 S) Z W1+ll 351 (m);

where 3 <j <n -3 and v, is introduced by Eq. (15).

Page 7 of 12
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Proof Let o be an arc length parameterized normal curve in n-dimensional Euclidean
space with nonzero curvatures. Taking the inner product of the two sides of (16) with
N(s), Bi(s), Ba(s), B3(s), Bj(s) and Bj,1(s), 3 <j < n — 3, respectively. We get the statements
(i), (ii), (iii) and (iv).

Conversely, assume that (i) is given. Differentiating both sides of the first equation of the
statement (i) with respect to s and using the Serret—Frenet formulas for the curve in E”,
we get («(s), T(s)) = 0. Thus « is a normal curve in E”. Similarly, if the other statements
(ii) and (iii) are valid, we find that « is a normal curve in E”. Differentiating both sides of

the first equation of the statement (iv) with respect to s, then we get

(0t(s), =K1 ()Bj-1(5) + Kjsa(8)Bjs1 (s))

" s (Z Vi) g (ﬁ))

and

(0 ¥i+10(9) 2 (5 K51(8)
Kj+1(5)
(o Vi) 2 ()

K/’+1(S)

((s), Bj-1(s)) =

)

where 3 <j <un -3 and v, introduced by Eq. (15). Here, j = 3, ..., j = n — 3, it can be seen
that the curve « is the normal curve in E” for each case if the defined notation functions
are also considered. a
Theorem 3 Let «(s) be an arc length parameterized curve, lying fully in the n-dimensional
Euclidean space with nonzero curvatures. Then o is a normal curve if and only if « lies in

some hyperquadrics in E".

Proof First assume that « is a normal curve in E”. From (17), we get

(00 (; 11() (m)(n(@))(x )(ml(s)))
ealia (@) ) )
X{ e ((M( )

i 1 !
[Zwll( 8s1 ]|:l W;z asl 5)>i|

n-2 al 1 31 1 '
2[2 tlfn_z,z(S)@(mﬂ [Z Vn-2ls 85’( (s)ﬂ
=0

Page 8 of 12
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On the other hand, the above statement is a differential version of the following statement:
(v) (o))
K1(s) ie2(s) \ k1(s)
el (G
ic3(s) L i (s) i2(s) ) \ k1(s)
2
|:Z % IS 331 < ) ):|
2
[Zw 24(s >aS, (K (S))}

=r, rekR

Substituting (8)—(13) into (18), and taking the inner product of the both sides of (18) with
a(s) — Y(s), then we get the following relations:

(ot(s) —Y(s),a(s) — Y(s)) =r.

Thus, the desired expression is proved.

Conversely, if o lies in some hyperquadrics in E”, then («(s) — Y (s), a(s) — Y (s)) = r, where
Y(s) € E" is a constant vector. Taking into account the derivative of the previous equation
with respect to s, we find that («(s) — Y(s), T'(s)) = 0. Hence « is a normal curve in E”. O

The following lemma can be given as a result of Theorem 1.

Lemma 1 Let a(s) be an arc length parameterized curve, lying fully in E", with non-null
vector fields N (s), B1(s), By(S), ..., B,_3(s) and B,,_,(s), then we have congruence to a normal
curve if and only if there exists a differentiable function f(s) such that

y 1
f(S)K,, 1\ ZWn 21 Kn l 881 <_):

Kk1(s)

(Z wn 3[ 83’( 1(3)))[(,,1(5).

If we apply a similar procedure to Refs. [22, 23] and [24] together with Lemma 1, then

(19)

we obtain the following theorem when the curves in E” are normal curves.

Theorem 4 Let «(s) be an arc length parameterized curve in n-dimensional Euclidean
space with nonzero curvatures. Then « is congruent to a normal curve if and only if there

exist constant ag, by € R such that

f'6s) {/[ S(s) 1)k (s)

+f($)ky-1 (s):| cos O ds — uo} cos 6

na(5) Kno1(8)  Kyy(s)
£ 0 | |
+ {/ [Kn—l(s) T +f(s)/cn-1(s)] sin6 ds — bo} siné, (20)

where 0(s) = [, kn_1(s)ds
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Proof Let «(s) be congruent to a normal curve. From Lemma 1, there exists a dif-

ferentiable function f(s) which can be given with (19) and f’(s) shows that f'(s) +
(O 1//n 3,0(5) aasl( L )))Kn 1(s) = 0. Let us describe differentiable functions 0(s), a(s) and
b(s)

0(s) = fs Ku_1(s) ds, (21)

0
a(s) —Kf/(s()s) cosf —f(s)sin6

n-1
S7(s)  f1(s)kyq(5)

+ /|:Kn_1(5) - 2.0 +f(s)fc,,_1(s):| cos 6 ds, (22)
b(s) = _Kfi(ls()s) sin® + f(s)cos 0

+ / [lj:,_is()s) —f (’jj{;’(_;)(s) +f (s)K,,_l(S):| sin@ ds. (23)

If we differentiate Eqs. (22) and (23) according to s and consider (19) and (21), then we
get a’(s) = 0 and b/(s) = 0. Thus, a(s) = ap and b(s) = by € R. Equations (22) and (23) are
multiplied by cosf and sin, respectively, and if the obtained statements are collected,
then we get (20).

On the contrary, there are gy, by € R that lead to (20). By the derivative of (20) according

to s, we obtain

(%)
Kn—l(s)

_ S s (s)

+f(8)kn-1(s)

Ckns) k()
+ {/[Kfnﬁfs()s) PEOLS V)Z, o +f(S)Kn 1(s) ]cos@ds+a0} sinfk,_1(s)
+ {/ [’(fnifs()s) A (,i)fl_(:(sl)(S) +f(S)Kn1(S)] sin6 ds — bo} 08 0,1 (s).

The differentiable function f(s) is defined by the following statement:

1 [& a1
0= [an 215)n1()asl<xl(s)>]

Thus, we get

S$)kc-1(s)
= {/[ f6s) —f,(slk;“l(s) +f(S)Kn1(S):| cosOds + ao} sin @

Kn-1(8) K (8)

. {/ [’;f,/is()s) ) ’(I;glK;,E;)(S) +f(S)Kn1(S):| sinf ds — b()} cosf.
n— n-1




Bektas Advances in Difference Equations (2018) 2018:456 Page 11 of 12

Finally, we obtain f'(s) = —(Z;’:OS wn_gyl(s)ga—:l(ﬁ))/cn_l(s). Lemma 1 implies that « is con-

gruent to a normal curve. 0

4 Conclusion

In this paper, we present normal curves and some of their properties in n-dimensional
Euclidean space E”. The necessary and sufficient conditions for a unit speed curve to be
congruent to a normal curve in E” have been characterized in terms of its curvatures and
the related differentiable function has been given. The results of this study can also be

investigated in different spaces.
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