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A B S T R A C T   

A magnetic property of the one dimensional spin-7/2 Blume-Capel model under the magnetic field has been 
investigated by means of transfer matrix method. Thermodynamic response functions are also obtained for 
varying values of reduced thermodynamic temperature and scaling magnetic field. We have seen that the crystal 
field strongly affects magnetic plateau mechanism. Our simulation results demonstrate that the plateau becomes 
smoother when the value of the temperature increased. Entropy of the system goes to zero rapidly for positive 
crystal field values so we see only saturation values of the system. We observed that the minimum of specific heat 
tends to shift to the relatively lower thermodynamic temperature regions as the strength of the crystal field is 
increased.   

1. Introduction 

In the past decades, there has been a great deal of interest in the 
study of Ising spins systems due to their theoretical interest and possible 
technological applications such as storage devices, permanent magnets, 
sensors, etc [1–3]. 

In particular, the magnetic properties of low spin Ising systems have 
been intensively studied both theoretically and experimentally. Some 
works in the field could be mentioned. On the theoretical side, the 
previous studies are mainly devoted to one dimensional (1D) systems 
with small spins (S = 1/2 or 1) to study the magnetic properties of the 
one-dimensional (chain) structures [4–11]. The behavior of the 
spin-correlation function in one-dimensional spin-1/2 Ising chains has 
been theoretically studied [8]. The exact solution of the 1D Ising models 
has been obtained for spin-S Ising chains [12,13] under an external 
magnetic field. 

The investigations were expanded to higher spin values. Such as 
Gambardella was reported that a ferromagnetic (FM) ordering could be 
observed in a single Co magnetic atom or finite size of 1D atomic chain 
(Higher spin (S = 3/2) Co(II)) [14,15]. Beside the strictly linear struc-
tures both inorganic [16] and organic [17] compounds displaying the 
quasi 1D structures [18]. In experimental studies the higher-order spin 
couplings have been observed in some magnetic compound such as MnO 
and NiO [19,20]. Asha et al. is synthesized three different compounds. 
Each of these compounds consists of weakly interacting chains of Mn2 +

with S = 5/2, and magnetically behave as one-dimensional antiferro-
magnetic S = 5/2 chains [21,22]. Other systematic studies on 
chain-based spin systems were carried out on [(CH3)4N)]MnCl3 
[23–25], CsMnCl3 2H2O [26], and CsMnBr3 [27]. They introduced that 
antiferromagnetic interaction represented by S = 5/2. The magnetic 
responses of Gd3 + and Yb3 + are well described by S = 7/2 spin sys-
tems [28]. 

One of the important issue on this matter is the effect of the crystal 
field interaction on the magnetic response, which has been investigated 
by Blume-Capel (BC) model. The various theoretical model and method 
for issue can be found in Refs. [29]. So far their intrinsic mechanisms of 
magnetic exchange interactions are still a puzzle. Systematic experi-
ments on high-quality single crystals or stoichiometric samples are 
necessary. Theoretical and numerical tools often considered in such 
investigations are: Transfer Matrix Method (TMM) [8,29–32], 
Mean-Field Approximation [33–41] Effective Field Theory [42,43], 
Green’s function formalism [44], Bethe lattice treatment [45–47] Monte 
Carlo Simulation [48,49] etc. The thermodynamic properties of 
one-dimensional antiferromagnetic-ferromagnetic mixed spin-1/2 
Lozenge chain at low temperatures were investigated using the trans-
fer matrix method [50]. In the presence of crystal field interaction, some 
low-dimensional magnetic systems show magnetic plateaus [51] and it 
may affect some of the critical properties of the system. Beside the 
crystal field, some other examples for the mechanism of the magnetic 
plateaus in 1D spin chain can be given as dimerization, frustration and 
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Fig. 1. (color online)Helmholtz free energy as a function of magnetization (a) for different reduced thermodynamic temperature at D = − 1.5 (b) for different crystal 
field values at β = 2.32. (For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 2. (color online)Magnetization as a function of the reduced external magnetic field for selected values of the reduced thermodynamic temperature for (a) D =
− 0.5; (b) D = − 1.5; and for selected values of the cyristal field parameter for (c) β = 11.6. (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 
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periodic field [52]. Sensoy and Bati [53,54] investigated the magnetic 
properties of spin-5/2 Ising chain by using TMM. 

Thus, although a lot is known about the magnetic properties of the 
1D chain consisting of low spins theoretically and experimentally, to our 
knowledge, for high spin values (S = 7/2) with crystal field interaction is 
not studied. In the present work, the magnetic properties of spin-7/2 BC 
chain under a magnetic field is addressed. We study the spin-7/2 in 1D 
chain system by using BC model with TMM. This model is a simple and 
successfully applied to investigate numerically the magnetic properties 
of the 1D systems. 

The remaining part of the paper is organized as follows. In section 2, 
we present the model and formalism. The results and discussions are 
present in section 3. The present work is concluded in section 4. 

2. Model and formulation 

We will consider the following Hamiltonian to describe the system: 

H = − J
∑

i
σiσi+1 −

D
2
∑

i
(σ2

i + σ2
i+1) −

H
2
∑

i
(σi + σi+1), (1)  

where each J denotes the exchange coupling of antiferromagnetic type 
(J < 0), D is the crystal field interaction parameters and H is in energy 
unit. J is used as an scaling factor through the work, and parameters are 
defined dimensionless form as reduced exchange coupling (J = J/|J|), 

Fig. 3. (color online)Magnetic susceptibility as a function of the reduced external magnetic field for selected values of the reduced thermodynamic temperature for 
(a) D = − 0.5; (b) D = − 1.5; and for selected values of the cyristal field parameter for (c) β = 11.6. (For interpretation of the references to color in this figure legend, 
the reader is referred to the Web version of this article.) 

Fig. 4. (color online)The behavior of the plateau region transition depending 
on the crystal field at (a)β = 11.6 hci (i = 1, 2, 3) are critical field points for the 
positive magnetization values. (For interpretation of the references to color in 
this figure legend, the reader is referred to the Web version of this article.) 
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reduced crystal field (D = D/|J|) and reduced magnetic field (h = H/|J|). 
Using the transfer matrix method formalism [55,56], the partition 
function (Z)written as 

Z =
∑

{σi}

e− βH ({σi}) =
∑

{σi}

e
∑

i
[βJ(σiσi+1)+

βD
2 (σ2

i +σ2
i+1)+

βh
2 (σi+σi+1)]

(2)  

The elements of transfer matrix (TM) can be defined by 

〈σi|TM|σi+1〉= eβ[J(σiσi+1)+
D
2 (σ

2
i +σ2

i+1)+
h
2 (σi+σi+1)] (3)  

The open form of the matrix is given in the appendix. Since the 
matrix is identical for (σ1σ2), (σ2σ3) and so on, the partition function Z is 
then given by 

Z =
∑

{σi}

(TM)
N
= Tr

[

(TM)
N

]

=
∑8

i=1
λN

i (4)  

where N is the number of spins in a one-dimensional lattice and λ is the 
eigenvalues of TM. The Helmholtz free energy can be written as 

F = − kBTln(
∑8

i=1
λN

i )

= − kBTln
((

λN
1 [1 + (

λ2

λ1
)

N
+ (

λ3

λ1
)

N
+ ⋯ + (

λ8

λ1
)

N
]

))
(5) 

In the thermodynamic limit N → ∞ only the larger one of the ei-
genvalues relevant because ((λi

λ1
)

N →0(i = 2, 3…8)). Therefore the 
Helmholtz free energy per spin reads 

F = − kBTln(λ1) (6)  

where λ1 is the biggest eigenvalues of TM, kB is the Boltzmann constant 
and T is the temperature. We have found the biggest eigenvalues of TM 
via the computer program and calculate the thermodynamic response 
function numerically. We evaluate the total magnetization per spin 

m = −

(
∂F
∂h

)

T
, (7)  

the magnetic susceptibility 

χ = −

(
∂2F
∂h2

)

T
, (8)  

The entropy 

S = −

(
∂F
∂T

)

h
(9)  

and the specific heat 

C = − T
(

∂2F
∂T2

)

h
(10)  

where the derivatives are numerically obtained. The present formalism 
of TMM is entirely based on numerically exact calculations and allows 
for the calculation of magnetization properties for arbitrary finite tem-
peratures and values of the Hamiltonian parameters. 

3. Results and discussions 

In this paper, we studied the magnetic properties of the anti- 
ferromagnetic spin 7/2 Blume-Capel chain system using the transfer 
matrix method. The average magnetization (m) was calculated with 
varying reduced crystal-field parameter (D) and reduced thermody-
namic temperature β = |J|/kBT in the analysis of the magnetic behavior 
of the system. 

We first look at the Helmholtz free energy of the system. The energy 
favors the largest possible value of m which is aligned with the applied 
field. Therefore, the equilibrium m value can be minimized by the 
Helmholtz free energy (F) (see Fig. 1). In Fig. 1 (a), we see that for 
different temperature values and the free energy is minimum at m = 7/2, 
5/2, 3/2, 1/2. The antiferromagnetic system can either have ±7/2, ±5/ 
2, ±3/2, ±1/2 values and thus, the F would choose only one favorite 
value for low temperature region but for higher temperature system only 
take spin ±7/2 values. Similar results were found in the spin 5/2 
system [53]. In this study, it was seen that the minimums occur at 
possible spin values. In some materials, magnetization stays constant 
(a rational fraction of the saturated magnetization) for a finite range of 
magnetic field. This event is called the magnetization plateau. Plateau 
behavior is observed at high D values, whereas saturation magnetic field 
value is observed at low D values (see Fig. 1 (b)). We can say a gap 
mechanism appears if some kind of anisotropy is present in the system. 

In Fig. 2, we have performed the magnetization behavior as a 

Fig. 5. (color online) The behavior of the plateau region transition depending 
on the reduced thermodynamic temperature at (a) D = − 1.5; (b) D = − 0.5. hci 
(i = 1, 2, 3) are critical field points for the positive magnetization values. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the Web version of this article.) 
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function of reduced magnetic field. The Magnetization as a function of 
the reduced external magnetic field for selected values of the reduced 
thermodynamic temperature Fig. 2 (a) for D = − 0.5; Fig. 2 (b) for D =
− 1.5. The magnetization behavior for different D values at higher 
reduced thermodynamic temperatures (β = 11.6) are given in Fig. 2 (c). 
At low temperature (at hight β) the spins align easily but contrary at high 
temperature to align the spins a strong magnetic field should be applied. 
We observed that the magnetization behavior with the change of mag-
netic field becomes more smooth and wider with the increase of the 
temperature. The magnetization becomes a step function at β → ∞ (T =
0 K). Results show that the saturation at low temperature requires a 
small magnetic field, but at higher temperature values it requires higher 
magnetic field. For different reduced crystal field values as a function of 
the reduced external magnetic field h at β = 11.6. As expected, the 
saturation values of the magnetization are 3.5. We see from Fig. 2 (c) 
plateau region widened for higher crystal field values. As a result we 
obtained the diagrams of magnetization processes for our system 
with the same magnetization plateau as in Ref. [51,57–65]. 

Another way of the confirmation of multi plateau magnetization 
curves by numerical calculation in the Ising chain is to examine the 
magnetic field dependance of susceptibility (χ) as shown in Fig. 3. The 

peaks in Fig. 3 indicate the critical fields for transitions from one plateau 
to another one. We also note that area between plateau regions corre-
spond width of susceptibility peak. The susceptibility peaks show that 
the maximum for low temperature value. In an experimental study by 
Shiramura and coworkers [57], the magnetization curve of a spe-
cific linear compound has plateaus and the peaks at critical field 
values were observed in magnetic susceptibility plots. 

In order to investigate the effect of single-ion anisotropy on the 
magnetization plateaus, the magnetization was calculated at finite h for 
different D values and the data were plotted as D − h phase diagrams in 
Fig. 4. 

For D < 0.0, four plateaus lines placed at m = 0.5, m = 1.5, m = 2.5 
and m = 3.5 are divided by the critical field and saturated field lines as 
shown in Fig. 4 when β = 11.6. Furthermore, when D > − 0.2 and 
positive D values only saturation values occur (Fig. 4). And out, in Fig. 4, 
in first critic field values (hc1) magnetization become 0.5 and hc1′

magnetization become bigger than 0.5. In second critic field values (hc2) 
magnetization become 1.5 and hc2′ magnetization become bigger than 
1.5. In the third critic field values (hc3) magnetization become 2.5 and 
hc3′ magnetization become bigger than 2.5. And finally in hs magneti-
zation saturated m = 3.5. Fig. 5 shows reduced thermodynamic 

Fig. 6. (color online) Entropy as a function of the reduced thermodynamic temperature for (a) h = 0.1; (b) h = 0.5. (For interpretation of the references to color in 
this figure legend, the reader is referred to the Web version of this article.) 

Fig. 7. (color online) Specific heat as a function as a function of the reduced thermodynamic temperature for (a) h = 0.1; (b) h = 0.5. (For interpretation of the 
references to color in this figure legend, the reader is referred to the Web version of this article.) 
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temperature versus magnetic field phase diagram plotted for (a) D =
− 1.5 (b) D = − 0.5. We see from this Fig. 5 (a) plateaus region and 
transition area between plateaus region increase for increasing β 
(decreasing temperature). But for D = − 0.5 in Fig. 5 (b) only saturation 
values occurs for low β values. We can see plateaus behavior only higher 
β values. 

To show the influence of D on the entropy (S), we have illustrated in 
Fig. 6. The thermal variations of entropy for some values of the system 
parameters: h = 0.1 and h = 0.5 and varying D (see Fig. 6(a-b)). One 
observes that the entropy shows interesting behaviors. In Fig. 6 (a) for 
positive D values entropy goes to zero rapidly. In addition for all nega-
tive D values entropy of the system for β > 8.0 take almost the same 
values. But for higher h values entropy strongly depend on crystal field 
values (see Fig. 6 (b)). Moreover we see from these figures for h = 0.5 
entropy goes to zero faster than h = 0.1 values. Entropy is a measure of 
the randomness or disorder of a system so if entropy goes to zero rapidly 
we see only saturation values of the system. 

Finally, we have discussed another physical quantity which is the 
specific heat depends on the energy fluctuation of the system, for our 
model. We have calculated the reduced thermodynamic temperature 
behavior of specific heat at various D and h values, and the results are 
given in Fig. 7. The specific heat is a smooth function of temperature 
(finite at all temperatures). As expected there is no critical point at a 
finite temperature which corresponds to the singular behavior of specific 
heat. We can see in Fig. 7 (a) the specific heat shows a round maximum 
for D = 0.0. Round maximum of the specific heat has been theo-
retically and experimentally detected in various systems [4,51,53, 
54,61]. For D = 0.5 β ≥ 4.75 specific heat vanished. For negative D 
values the specific heat has a minimum at specific β values and has a 
maximum at β = 20 for all negative D values than decrease for increasing 
β values (please see inset of Fig. 7 (a)). We should note that the specific 
heat values are the same for negative D values at hight β values. Fig. 7 (b) 
is plotted for different D values at h = 0.5. We see form this figure if the 
magnetic field is increased, the peak of the specific heat is shifted to 
lower β region and the specific heat vanished for high β values. 

4. Conclusion 

In this paper, the magnetic properties of the spin 7/2 Blume-Capel 
chain system have been studied by using a transfer-matrix method. 
Magnetic properties have been investigated at different reduced ther-
modynamic temperatures, the reduced crystal-field parameter and 
reduced magnetic field values. Thermodynamic response functions are 
obtained for varying values of reduced thermodynamic temperature and 
reduced magnetic field. We obtained the magnetization, susceptibility, 
entropy and specific heat. Our numerical results show that these ther-
modynamic response functions are strongly dependent crystal field pa-
rameters.We found that the system exhibits plateaus for negative crystal 
field values such as D < − 0.3 for low temperature. We also found that 
for the wider plateau, it is necessary to increase the crystal field 
values. Our results are conceptually consistent with the previous 
results for the lower spin chain systems [4,22,24,25]. Finally, we 
hope that our study will provide a theoretical basis for researchers 
working on high-spin low-dimensional materials. 
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where a = βJ
4 , b = βD

4 , c = βh
4 . 
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