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and geometric properties

Abstract. In this work, we characterize the class of compact matrix operators
from c0(Q), c(Q) and `∞(Q) into c0, c and `∞, respectively, with the notion
of the Hausdorff measure of noncompactness. Moreover, we determine some
geometric properties of the sequence space `p(Q).

1. Introduction

A set denoted by w is a collection of all real (or complex) valued sequences
and is a vector space according to point-wise addition and scalar multiplication.
A sequence space is a vector subspace of w. The sets symbolized by `∞, c0, c
and `p are the spaces of all bounded, null, convergent and absolutely p-summable
sequences, respectively, where 1 ≤ p <∞.

A BK-space is a Banach sequence spaceX provided each of the maps pn : X →
C defined by pn(x) = xn is continuous for every n ∈ N (see [8]).

Given a BK-space X ⊃ φ, if

lim
n→∞

∥∥∥x− n∑
k=0

xke
(k)
∥∥∥
X

= 0 for all x ∈ X,
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then X is said to have AK-property, where φ is the set of all finite sequences and
e(k) is a sequence whose only non-zero term is a 1 in the kth place for all k ∈ N
(see [21]).

The sequence spaces `∞, c0 and c are BK-spaces equipped with sup-norm
defined by ‖x‖∞ = sup

k∈N
|xk| and `p is a BK-space according to p-norm defined by

‖x‖p =
( ∞∑
k=0
|xk|p

) 1
p

,

where p ∈ [1,∞).
Let X and Y be two arbitrary sequence spaces and A = (ank) be an infinite

matrix of real (or complex) entries. The domain of A in the sequence space X is
defined by

XA = {x = (xk) ∈ w : Ax ∈ X} (1.1)
which is also a sequence space, where Ax = ((Ax)n) is called A-transform of x
defined by

(Ax)n =
∞∑
k=0

ankxk

supposed to be convergent for all n ∈ N. From now on, the summation without
limits runs from 0 to ∞. The class of all matrices provided X ⊂ YA is denoted by
(X : Y ) and the sequence in the nth row of A is denoted by An = {ank}∞k=0 for all
n ∈ N. If ank = 0 for k > n and ann 6= 0 for all n, k ∈ N, then A is called a triangle
which has a unique and triangle inverse A−1 (see [32]). Also, the transpose of A
is denoted by At.

Define an infinite matrix S = (snk) named summation matrix such that

snk =
{

1, 0 ≤ k ≤ n,
0, k > n

for all n, k ∈ N. Then, the spaces of all bounded and convergent series are defined
by bs = (`∞)S and cs = cS , respectively.

Given two normed space X and Y , B(X : Y ) stands for the set of all bounded
linear operators on X into Y . The unit sphere and closed unit ball in X are defined
by

SX = {x ∈ X : ‖x‖ = 1}
and

BX = {x ∈ X : ‖x‖ ≤ 1}
respectively.

A linear operator L on X into Y is called compact if and only if for all bounded
sequence (xn) in X the sequence (L(xn)) contains a convergent subsequence in Y .
We denote the class of such operators by C(X : Y ) (see [21]).

For a given BK-space X ⊃ φ and a sequence b = (bk) ∈ w, we write

‖b‖∗X = sup
x∈BX

∣∣∣ ∞∑
k=0

bkxk

∣∣∣.
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In the theory of summability, matrix transformations theory has a great impor-
tance. Cesàro, Norlund, Borel, Riesz and others have pioneered the development
of the theory of summability. Many authors have used the matrix domain of dif-
ference matrices for constructing new sequence spaces and have investigated some
properties of those spaces in c0(∆), c(∆) and `∞(∆) in [19], ∆c0(p), ∆c(p) and
∆`∞(p) in [1], c0(u,∆, p), c(u,∆, p) and `∞(u,∆, p) in [2], c0(∆2), c(∆2) and
`∞(∆2) in [13], c0(u,∆2), c(u,∆2) and `∞(u,∆2) in [26], c0(u,∆2, p), c(u,∆2, p)
and `∞(u,∆2, p) in [5], c0(∆m), c(∆m) and `∞(∆m) in [14], ˆ`∞, ĉ0, ĉ and ˆ̀

p in
[18], c0(B), c(B), `∞(B) and `p(B) in [29], wp0(r, s), wp(r, s) and wp∞(r, s) in [10],
c0(B), `∞(B) and `p(B) in [9], c0(Q), c(Q), `∞(Q) and `p(Q) in [6], f(Q(r, s, t, u)),
f0(Q(r, s, t, u)) and fs(Q(r, s, t, u)) in [7]. Recently, studies on the matrix domain
of generalized difference matrix ∆3

i have also been done some authors in [30], [31],
[24], [25].

2. Compact operators on new sequence spaces derived by qua-
druple band matrix

In this part, we give some knowledge related to the sequence spaces c0(Q),
c(Q) and `∞(Q) obtained from the domain of quadruple band matrix and char-
acterize the class of compact matrix operators from c0(Q), c(Q) and `∞(Q) into
c0, c and `∞, respectively by means of the notion of the Hausdorff measure of
noncompactness.

By using the domain of quadruple band matrix

Q = Q(r, s, t, u) = (qnk(r, s, t, u)),

Bişgin defined the sequence spaces c0(Q), c(Q) and `∞(Q) in [6] as follows:

c0(Q) =
{
x = (xk) ∈ w : lim

k→∞
(rxk + sxk−1 + txk−2 + uxk−3) = 0

}
,

c(Q) =
{
x = (xk) ∈ w : lim

k→∞
(rxk + sxk−1 + txk−2 + uxk−3) exists

}
and

`∞(Q) =
{
x = (xk) ∈ w : sup

k∈N
|rxk + sxk−1 + txk−2 + uxk−3| <∞

}
,

where Q = Q(r, s, t, u) = (qnk(r, s, t, u)) is defined by

qnk(r, s, t, u) =



r, k = n,

s, k = n− 1,
t, k = n− 2,
u, k = n− 3,
0, otherwise

for all n, k ∈ N and r, s, t, u ∈ R \ {0}.
Here, it is easy to check that Q(1,−3, 3,−1) = ∆3, Q(r, s, t, 0) = B(r, s, t),

Q(1,−2, 1, 0) = ∆2, Q(r, s, 0, 0) = B(r, s) and Q(1,−1) = ∆, where ∆3, B(r, s, t),
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∆2, B(r, s) and ∆ are called third order difference, triple band, second order
difference, double band (generalized difference) and difference matrix, respectively.
Therefore, our results derived from the matrix domain of the quadruple band
matrix are more general and more comprehensive than the results on the matrix
domain of the others mentioned above.

Also, for a given x = (xk) ∈ w, the Q-transform of x is written as follows:

(Qx)k = yk = rxk + sxk−1 + txk−2 + uxk−3 (2.1)

for all k ∈ N.
Let us consider the equation

rz3 + sz2 + tz + u = 0

where r, s, t, u ∈ R \ {0}. We know that this equation has three roots such that
z1 = 1

3r [a − b − s], z2 = − 1
6r [(1 − i

√
3)a − (1 + i

√
3)b + 2s] and z3 = − 1

6r [(1 +
i
√

3)a− (1− i
√

3)b+ 2s], where

a =
3

√√
(−27r2u+ 9rst− 2s3)2 + 4(3rt− s2)3 − 27r2u+ 9rst− 2s3

2

and

b =
3

√√
(−27r2u+ 9rst− 2s3)2 + 4(3rt− s2)3 + 27r2u− 9rst+ 2s3

2

Here and in the following, unless stated otherwise, we assume that σ1, σ2 and
σ3 are random three roots of the equation rz3 + sz2 + tz + u = 0.

Let b = (bk) ∈ w. In this part, we suppose that the matrices Q−1 = G = (gnk),
D = (dnk), H(b) = (h(b)

nk), T = (tnk) and V = (vnk) are defined by

gnk =

 1
r

n−k∑
i=0

n−k−i∑
l=0

σn−k−i−l1 σl2σ
i
3, 0 ≤ k ≤ n,

0, k > n,

D = Gt,

h
(b)
nk =

 1
r

∞∑
j=n

j−k∑
i=0

j−k−i∑
l=0

σj−k−i−l1 σl2σ
i
3bj l, 0 ≤ k ≤ n,

0, k > n,

T = DAn and

vnk = 1
r

∞∑
j=k

j−k∑
i=0

j−k−i∑
l=0

σj−k−i−l1 σl2σ
i
3anj

for all n, k ∈ N.
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Lemma 2.1 (see [22], Theorem 3.2)
(a) Given a BK-space X provided AK-property or X = `∞. Then, b = (bk) ∈
{XQ}β if and only if b = (bk) ∈ (Xβ)D and H(b) ∈ (X : c0).
In addition, if b = (bk) ∈ {XQ}β, then we get

∞∑
k=0

bkxk =
∞∑
k=0

(Dka)(Qkx)

for all x ∈ XQ.
(b) b = (bk) ∈ {cQ}β if and only if b = (bk) ∈ (`1)D and H(b) ∈ (c : c).

In addition, if b = (bk) ∈ {cQ}β, then we get

∞∑
k=0

bkxk =
∞∑
k=0

(Dka)(Qkx)− ξα

for all x ∈ cQ, where ξ = lim
k→∞

Qkx and α = lim
n→∞

n∑
k=0

h
(b)
nk .

Lemma 2.2 (see [22], Theorem 3.4)
(a) Given an arbitrary subset Y of w and a BK-space X provided AK-property

or X = `∞. Then A ∈ (XQ : Y ) if and only if T ∈ (X : Y ) and H(An) ∈
(X : c0) for all n ∈ N.
In addition, if A ∈ (XQ : Y ), then we get

Ax = T (Qx)

for all x ∈ XQ.
(b) Given a linear subspace Y of w. Then, A ∈ (cQ : Y ) if and only if

T ∈ (c0 : Y ), H(An) ∈ (c : c)

for all n ∈ N and
Te− (αn) ∈ Y,

where αn = lim
m→∞

m∑
k=0

h
(An)
nk for all n ∈ N.

In addition, if A ∈ (cQ : Y ), then we get

Ax = T (Qx)− ξ(αn)

for all x ∈ cQ, where ξ = lim
k→∞

Qkx.

Proposition 2.3 (see [12], Proposition 3.2)
(a) If X ∈ {c0, `∞}, then we have

‖b‖∗XQ
= ‖Db‖1 (2.2)

for all b = (bk) ∈ {XQ}β.
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(b) We have
‖b‖∗cQ

= ‖Db‖1 + |α| (2.3)

for all b = (bk) ∈ {cQ}β, α = lim
n→∞

n∑
k=0

h
(b)
nk .

Definition 2.1 (see [23], Definition 2.10)
Given a metric space (X, d) and E ∈MX = {E : E ⊂ X and E bounded}. Then,
the Hausdorff measure of noncompactness of E is defined by

χ(E) = inf
{
ε > 0 : E ⊂

n⋃
i=1

B(xi, δi), xi ∈ X, δi < ε (i = 1, 2, . . . , n) n ∈ N
}
,

where B(xi, δi) = {y ∈ X : d(xi, y) < δi}. Here, the function χ is called the
Hausdorff measure of noncompactness.

Definition 2.2 (see [23], Definition 2.24)
Let χ1 and χ2 be the Hausdorff measure of noncompactness defined on the Banach
spaces X and Y , respectively. The operator L : X → Y is called (χ1, χ2)-bounded
if L(E) ∈MY and there exists a positive constant k such that χ2(L(E)) ≤ kχ1(E)
for all E ∈ MX . If an operator L is (χ1, χ2)-bounded, the (χ1, χ2)-measure of
noncompactness of L is defined by

‖L‖(χ1,χ2) = inf{k > 0 : χ2(L(E)) ≤ kχ1(E) for every E ∈MX}.

For brevity of notation, If χ1 = χ2 = χ, then ‖L‖(χ,χ) = ‖L‖χ.

Lemma 2.4
Given two BK-spaces X and Y .

(i) For all A ∈ (X : Y ), there exists a LA ∈ B(X,Y ) such that LA(x) =
Ax(x ∈ X), namely (X : Y ) ⊂ B(X,Y ) (see [23], Theorem 1.23).

(ii) If X has the property AK, then every L ∈ B(X,Y ) is given by a matrix
A ∈ (X : Y ) such that Ax = L(x) (x ∈ X), namely B(X,Y ) ⊂ (X : Y )
(see [17], Theorem 1.9).

Lemma 2.5 (see [23], Theorem 1.23)
Given a BK-space X and Y ∈ {`∞, c0, c}. Then, if A ∈ (X : Y ), we get

‖LA‖ = ‖A‖(X,∞) = sup
n∈N
‖An‖∗X <∞.

Lemma 2.6 (see [23], Theorem 2.25 and Corollary 2.26)
Given two Banach spaces X and Y and L ∈ B(X,Y ). Then, we write

‖L‖χ = χ(L(BX)) = χ(L(SX)), (2.4)

‖L‖χ = 0 if and only if L ∈ C(X,Y ), (2.5)

‖L‖χ ≤ ‖L‖. (2.6)
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Lemma 2.7 (Goldenštein, Gohberg, Markus [23], Theorem 2.23)
Let X be a Banach space which has a Schauder basis {e1, e2, . . .}, E ∈ MX and
Pn : X → X be the projector onto linear span of {e1, e2, . . .}. Then, the following
inequality holds.

1
γ

lim sup
n→∞

(
sup
x∈E
‖(I − Pn)(x)‖

)
≤ χ(E) ≤ lim sup

n→∞

(
sup
x∈E
‖(I − Pn)(x)‖

)
,

where γ = lim sup
n→∞

‖I − Pn‖.

Lemma 2.8 (see [27], Theorem 2.8)
Given X ∈ {`p, c0}, where 1 ≤ p <∞ and E ∈MX . For an operator Pn : X → X
defined by Pn(x) = x[n] (x ∈ X) the following statement holds

χ(E) = lim
n→∞

(
sup
x∈E
‖(I − Pn)(x)‖

)
.

Theorem 2.9
Given X ∈ {c0(Q), `∞(Q)}. Then the followings hold.

(i) If A ∈ (X : c0), then

‖LA‖χ = lim
m→∞

‖V[m]‖(X,∞). (2.7)

(ii) If A ∈ (X : `∞), then

0 ≤ ‖LA‖χ ≤ lim
m→∞

‖V[m]‖(X,∞), (2.8)

where V[m] = sup
n>m

( ∞∑
k=0
|vnk|

)
for all m ∈ N.

Proof. In (2.7) and (2.8), the limits clearly exist.
(i) By applying Lemmas 2.6 and 2.8, we get

‖L‖χ = χ(L(BX)) = lim
m→∞

(
sup
x∈BX

‖(I − Pm)(Ax)‖
)
, (2.9)

where Pm : c0 → c0, Pm(x) = x[m] for x = (xk) ∈ c0 and m ∈ N0. Now, let us
define A[m] = (amnk)∞n,k=0 such that

amnk =
{

0, 0 ≤ n ≤ m,
ank, n > m

for all n, k,m ∈ N. Then, because of A[m] ∈ (X : c0) and so A
[m]
n ∈ Xβ , by

considering Lemmas 2.5 and 2.1 and (2.2) in Proposition 2.3, we get

‖A[m]
n ‖∗X = ‖DA[m]

n ‖1 =
∞∑
k=0
|DkA

[m]
n | =

∞∑
k=0

∞∑
j=k

gjka
m
nj .
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By taking into account the definition D = (dnk), we have

tnk = DkAn = 1
r

∞∑
j=k

anj

j−k∑
i=0

j−k−i∑
l=0

σj−k−i−l1 σl2σ
i
3

for all k ∈ N0. Thus, we obtain

‖A[m]
n ‖∗X =

∞∑
k=0
|vnk|

for n > m. As a result of these, we conclude that

sup
x∈BX

‖(I − Pm)(Ax)‖ = ‖LA[m]‖ = sup
n>m
‖A[m]

n ‖∗X = sup
n>m

( ∞∑
k=0
|vnk|

)
= ‖V[m]‖(X,∞).

(2.10)

So (2.7) follows from (2.9) and (2.10).
(ii) Now, let us define a projector Pm : `∞ → `∞, Pm(x) = x[m] for x = (xk) ∈

`∞ and m ∈ N0. Then, by combining L(BX) ⊂ Pm(L(BX)) + (I − Pm)(L(BX)),
the known properties of χ(see [23], Theorem 2.12) and conditions (2.4) and (2.6),
we write

χ(L(BX)) ≤ χ(Pm(L(BX))) + χ((I − Pm)(L(BX)))
= χ((I − Pm)(L(BX))) ≤ sup

x∈BX

‖(I − Pm)(Ax)‖

= ‖LA[m]‖,

which yields that the condition (2.8) holds. This completes the proof.

By connecting the Theorem 2.9 and the condition (2.5), we can give the fol-
lowing result.

Corollary 2.10
Given X ∈ {c0(Q), `∞(Q)}.

(i) In case of A ∈ (X : c0), LA is compact if and only if

lim
m→∞

[
sup
n>m

( ∞∑
k=0
|vnk|

)]
= 0. (2.11)

(ii) In case of A ∈ (X : `∞), LA is compact if the condition (2.11) holds.

Theorem 2.11
The following statements hold.

(i) In case of A ∈ (c(Q) : c0),

‖LA‖χ = lim
m→∞

‖V[m]‖(X,∞).
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(ii) In case of A ∈ (c(Q) : `∞),

0 ≤ ‖LA‖χ ≤ lim
m→∞

‖V[m]‖(X,∞),

where ‖V[m]‖(X,∞) = sup
n>m

( ∞∑
k=0
|vnk|+ |αn|

)
and αn = lim

m→∞

m∑
k=0

h
(An)
mk .

Proof. In the proof of Theorem 2.9, if we change (2.2) with (2.3), theorem can be
proved in a similar way.

By combining Theorem 2.11 and condition (2.5), the next corollary can be
given.

Corollary 2.12
(i) In case of A ∈ (c(Q) : c0), LA is compact if and only if

lim
m→∞

[
sup
n>m

( ∞∑
k=0
|vnk|+ |αn|

)]
= 0. (2.12)

(ii) In case of A ∈ (c(Q) : `∞), LA is compact if the condition (2.12) holds.

Let us give two more results.

Proposition 2.13 (see [11], Corollary 5.13)
Define a sequence µ = (µk) such that µk = lim

n→∞
tnk for all k ∈ N0. Given

X ∈ {`∞, c0}. Then, A ∈ (XQ : c), the following

1
2 lim
m→∞

(
sup
n≥m
‖Tn − µ‖1

)
≤ ‖LA‖χ ≤ lim

m→∞

(
sup
n≥m
‖Tn − µ‖1

)
holds.

Theorem 2.14 (see [11], Theorem 5.14)
Let ξ = lim

n→∞

( ∞∑
k=0

tnk − αn
)
and A ∈ (cQ : c). Then

1
2B ≤ ‖LA‖χ ≤ B,

where

lim
m→∞

[
sup
n≥m

( ∞∑
k=0
|tnk − µk|+

∣∣∣ξ − αn − ∞∑
k=0

µk

∣∣∣)].
Theorem 2.15
Define a sequence µ̂ = (µ̂k) such that µ̂k = lim

n→∞
vnk for all k ∈ N and let ξ̂ =

lim
n→∞

( ∞∑
k=0

vnk − αn
)
.
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(i) Given X ∈ {c0(Q), `∞(Q)}, then if A ∈ (X : c) we have

1
2B1 = lim

m→∞

[
sup
n≥m

( ∞∑
k=0
|vnk − µ̂k|

)]
≤ ‖LA‖χ = B1,

where B1 = limm→∞ ‖V[m] − µ̂‖(X,∞).

(ii) If A ∈ (c(Q) : c), then
1
2B2 ≤ ‖LA‖χ ≤ B3

where

B2 = lim
m→∞

[
sup
n≥m

( ∞∑
k=0
|vnk − µ̂k|+

∣∣∣ξ̂ − αn − ∞∑
k=0

µ̂k

∣∣∣)],
B3 = lim

m→∞

[
sup
n≥m

( ∞∑
k=0
|vnk − µ̂k|+

∣∣∣ξ̂ − λn − ∞∑
k=0

µ̂k

∣∣∣)].
Proof. By keeping in mind Proposition 2.13 and Theorem 2.14, one can see that
the proof is obvious. Therefore, we omit it.

By combining Theorem 2.15 and condition (2.5), the next corollary can be
given.

Corollary 2.16
(i) Given X ∈ {c0(Q), `∞(Q)}. In case of A ∈ (X : c), LA is compact if and

only if

lim
m→∞

[
sup
n≥m

( ∞∑
k=0
|vnk − µ̂k|

)]
= 0.

(ii) In case of A ∈ (c(Q) : c), LA is compact if and only if

lim
m→∞

[
sup
n≥m

( ∞∑
k=0
|vnk − µ̂k|+

∣∣∣ξ̂ − αn − ∞∑
k=0

µ̂k

∣∣∣)] = 0.

3. Geometric properties of the sequence space `p(Q)

In this chapter, we determine some geometric properties of the space `p(Q).
Given a Banach space (X, ‖.‖X). If all bounded sequence x = (xn) contains a
subsequence y = (yn) provided the Cesàro means 1

n+1

n∑
k=0

yk are norm convergent,

then X has the Banach-Saks property (see [4]).
If all weakly null sequence x = (xn) contains a subsequence y = (yn) provided

the Cesàro means 1
n+1

n∑
k=0

yk are norm convergent, then X has the weak Banach-

Saks property (see [4]).
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If all weakly null sequence x = (xn) has a subsequence y = (yn) provided∥∥∥ n∑
k=0

yk

∥∥∥
X
≤M(n+ 1)

1
p

for some M > 0 and for all n ∈ N, then X has Banach-Saks type p, where
1 < p <∞ (see [20]).

Given a weakly compact convex set E ⊂ X. Then, X is said to have the weak
fixed point property, if every self mapping T : E → E that provides ‖Tx− Ty‖ ≤
‖x− y‖ for all x, y ∈ E has a fixed point (see [15]).

For a given normed linear space X and a unit sphere S(X) of X, the Gurarii’s
modulus of convexity is defined by

βX(ε) = inf
{

1− inf
0≤α≤1

‖αx+ (1− α)y‖ : x, y ∈ S(X), ‖x− y‖ = ε
}
,

where 0 ≤ ε ≤ 2 (see [28]).

Theorem 3.1 (see [16])
A Banach space X has the weak fixed point property, if X provides the condition

R(X) = sup
{

lim inf
n→∞

‖xn + x‖
}
< 2,

where the supremum is taken over all weakly null sequences (xn) of the unit ball
and all points x of the unit ball.

Theorem 3.2
The sequence space `p(Q) is of the Banach-Saks type p.

Proof. Let us take a weakly null sequence x = (xn) ∈ B(`p(Q)) which is unit ball
of `p(Q) and assume that (εn) is a sequence of positive numbers with

∑
εn ≤ 1

2 .
Define y0 = x0 = 0 and y1 = xn1 = x1. Then, one can find an m1 ∈ N such that∥∥∥ ∞∑

i=m1+1
y1(i)e(i)

∥∥∥
`p(Q)

< ε1.

Resulting from xn
w−→ 0 implying xn → 0 coordinatewise, one can find an n2 ∈ N

such that ∥∥∥ m1∑
i=0

xn(i)e(i)
∥∥∥
`p(Q)

< ε1,

as n ≥ n2. Define y2 = xn2 . Then, one can find an m2 > m1 such that∥∥∥ ∞∑
i=m2+1

y2(i)e(i)
∥∥∥
`p(Q)

< ε2.

By using vn → 0 coordinatewise once more, one can find an n3 > n2 such that∥∥∥ m2∑
i=0

xn(i)e(i)
∥∥∥
`p(Q)

< ε2
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as n ≥ n3. If this method is continued, one can derive two increasing sequences
(mk) and (nk) such that

∥∥∥ mk∑
i=0

xn(i)e(i)
∥∥∥
`p(Q)

< εk

for all n ≥ nk+1 and ∥∥∥ ∞∑
i=mk+1

y2(i)e(i)
∥∥∥
`p(Q)

< εk,

where yk = xnk
. In this way

∥∥∥ n∑
k=0

yk

∥∥∥
`p(Q)

=
∥∥∥ n∑
k=0

(mk−1∑
i=0

yk(i)e(i) +
mk∑

i=mk−1+1
yk(i)e(i) +

∞∑
i=mk+1

yk(i)e(i)
)∥∥∥

`p(Q)

≤
∥∥∥ n∑
k=0

( mk∑
i=mk−1+1

yk(i)e(i)
)∥∥∥

`p(Q)
+ 2

n∑
k=0

εk

and ∥∥∥ n∑
k=0

mk∑
i=mk−1+1

yk(i)e(i)
∥∥∥p
`p(Q)

=
n∑
k=0

mk∑
i=mk−1+1

|ryk(i) + syk(i− 1) + tyk(i− 2) + uyk(i− 3)|p

≤
n∑
k=0

∞∑
i=0
|ryk(i) + syk(i− 1) + tyk(i− 2) + uyk(i− 3)|p ≤ n+ 1.

Therefore we get

∥∥∥ n∑
k=0

yk

∥∥∥
`p(Q)

≤ (n+ 1)
1
p + 1 ≤ 2(n+ 1)

1
p ,

which yields that the space `p(Q) is of the Banach-Saks type p. This completes
the proof.

In [6], Theorem 2.2 gives that `p(Q) is linearly isomorphic to `p. As a result
of this, we write R(`p(Q)) = R(`p) = 2

1
p .

If we combine this result and Theorem 3.1, The next theorem can be given.

Theorem 3.3
The sequence space `p(Q) has the weak fixed point property, where p ∈ [1,∞).
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Theorem 3.4
The Gurarii’s modulus of convexity of the space `p(Q) holds

β`p(Q)(ε) ≤ 1−
[
1−

( ε
2

)p] 1
p

,

where 0 ≤ ε ≤ 2.

Proof. Given 0 ≤ ε ≤ 2. Let us suppose that the inverse of quadruple band matrix
Q is G. Now, we define two sequences x and y by

x =
((
G
(

1−
( ε

2

)p)) 1
p

, G
( ε

2

)
, 0, 0, . . .

)
,

y =
((
G
(

1−
( ε

2

)p)) 1
p

, G
(
− ε

2

)
, 0, 0, . . .

)
.

Then, we have

‖Qx‖`p
= ‖x‖`p(Q) = 1 and ‖Qy‖`p

= ‖y‖`p(Q) = 1.

This gives us that x, y ∈ S(`p(Q)) and ‖Qx−Qy‖`p
= ‖x− y‖`p(Q) = ε.

For given 0 ≤ α ≤ 1, we write

‖αx+ (1− α)y‖p`p(Q) = ‖αQx+ (1− α)Qy‖p`p
= 1−

( ε
2

)p
+ |2α− 1|

( ε
2

)p
and

inf
0≤α≤1

‖αx+ (1− α)y‖p`p(Q) = 1−
( ε

2

)p
(3.1)

So, we have

β`p(Q)(ε) ≤ 1−
[
1−

( ε
2

)p] 1
p

.

for p ≥ 1. This completes the proof .

By considering the equality (3.1), the next results can be given.

Corollary 3.5
Because of β`p(Q)(ε) = 1 for ε = 2, the sequence space `p(Q) is strictly convex.

Corollary 3.6
Because of 0 < β`p(Q)(ε) ≤ 1 for 0 < ε ≤ 2, the sequence space `p(Q) is uniformly
convex.

4. Conclusion

By taking into account the definition of Quadruple band matrix, we can
derive that Q(1,−3, 3,−1) = ∆3, Q(r, s, t, 0) = B(r, s, t), Q(1,−2, 1, 0) = ∆2,
Q(r, s, 0, 0) = B(r, s) and Q(1,−1) = ∆, where ∆3, B(r, s, t), ∆2, B(r, s) and ∆
are called third order difference, triple band, second order difference, double band
(generalized difference) and difference matrix, respectively. Moreover, Quadruple
band matrix is not a special case of m-th order generalized difference matrix Bm
defined in [3] and is not a special case of the weighed mean matrices. Thus, our
work fills up a gap in the known literature.
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[30] Tuǧ, Orhan, and Vladimir Rakočević, and Eberhard Malkowsky. "Domain of
generalized difference operator ∆3

i of order three on the hahn sequence space
h and matrix transformations." Linear and Multilinear Algebra (2021): DOI:
10.1080/03081087.2021.1991875. Cited on 19.
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