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The fusion cross sections and barrier distributions of stable Zr isotope
targets 90,92,94,96Zr with 30Si projectile nuclei are investigated theoretically
via the Energy-dependent Woods–Saxon Potential (EDWSP) and Coupled
Channel (CC) models. In our calculations, we have taken the bombarding
energy range of the projectile–target interaction to be around the Coulomb
barrier for all reactions. All theoretical accounts have been worked via the
NRV Knowledge Base, the CCFULL code, and Wong’s formula. We detailed
interrogated the repercussions of phonon number in projectile and target
nuclei on heavy-ion fusion cross sections and barrier distributions. Over
this investigation, we presented that the EDWSP and CC models, and
all computation bases operated to elucidate the fusion cross-section data
and barrier distributions are decent. Our theoretical investigation proves
the importance of inspecting heavy-ion fusion reactions with theory-based
research and encourages new experimental investigations that are not yet
included in the literature.

DOI:10.5506/APhysPolB.53.3-A4

1. Introduction

The fusion mechanisms of heavy-ion interactions are very substantial for
experimental and theoretical research as they describe the relationship be-
tween nuclear structure and reaction technics exhaustively [1–4]. Theoret-
ically, these reactions around the Coulomb barrier region can be contem-
plated as an extraordinary barrier diffusion issue. The multi-dimensional
barrier diffusion situation might be elucidated by sorting out the couple
channel equations, namely the Coupled Channel (CC) model [5–7]. Nonethe-
less, due to the reaction systematics, it is essential to pay attention to an
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extensive quantity of channels that are arduous to accomplish in the com-
putation design. Besides, data statistics of the interacting nuclei are also
needed as an entrance. Consequently, the CC computations are challenging
in manifold computation circumstances.

Various calculation models have been counseled for the parameters of
the barrier distributions about the stationary and dynamic deformations of
the two interacting nuclei, for the interaction potential among the projectile
and the target. For the vibrational and rotational coupling impact, the coef-
ficients of the used models seriatim are presented. For the spherical reaction
mechanism (vibrational coupled effect), the width of the barrier distribution
moves up with the charge yield of the reaction framework, while for the de-
formed reaction mechanisms (rotational coupled effect), as well as the charge
product of the reaction mechanism, the width of the barrier distributions is
also concerning the static deformation parameters of the projectile and the
target [8]. Generally, the CC model for the coefficients of the barrier distri-
bution operates eminently fine in identifying cross sections and can supply
advantageous information concerning cross-section predictions [9–12]. Ac-
cording to many calculation models for fusion reactions, the projectile and
target nuclei have to exceed the Coulomb barrier between them, because
only then they can form the compound nucleus.

When looking at the studies in the literature, it has been viewed that
studies have been taken based on various theoretical approaches e.g. combin-
ing nuclear structure degrees of freedom such as surface excitations, static
deformation, and high degree deformation, and the rotation and/or vibra-
tions of nuclear interacting nuclei to reproduce the data of fusion reactions
[13–16]. Many researchers have investigated that the influences of the shape
deformations of the interacting nuclei (projectile or target) and vibrational
states are important in changing the fusion cross sections, especially in the
regions below the barrier [17–20]. The comprehension of the role of surface
vibrational and rotational coupling effect of nuclei in the fusion reaction
has been partially obtained, though many zones in this field are waiting
to be discovered [21–25]. Since many properties of fusion reactions are not
yet fully understood, it is a substantial working field to investigate the ef-
fects of different interaction combinations and excitations of nucleons and
the effects of the nuclear structure of interacting couples on theoretical and
experimental bases [26–29].

The methodical investigations involving mostly joint projectile (or tar-
get) are more enlightening than the singular state. In general, fusion re-
action combinations, in which one of the interacting nuclei is stable, pro-
cure a preferable setting in the comprehension of the fusion parameters in
the nearby of the Coulomb barrier. Under these circumstances, many re-
searchers carried out their precursor investigation. Similar to our work,
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empirical and theoretical studies have been conducted on the fusion reac-
tion involving the bombardment of a stable 28Si projectile over a series of
stable Zr targets from stable nuclei with a small number of neutrons 90Zr to
stable nuclei with a large number of neutrons 96Zr [30–35]. When the ascent
of neutron abundance in the target nuclei, the ability of the rotation and
vibration properties of the nuclei almost rises, and the relevant excitation
energy decreases, i.e. the effects of different combinations of interactions (ro-
tational and vibrational) on the fusion reaction are anticipated to rise with
the increment of the number of neutrons in the target [35].

For 28Si + 92Zr, Newton et al. focused on the heavy ions (a beam of
28Si in the energy interval Elab of 86–107 MeV with 1 MeV energy steps
on a 92Zr target) accelerated by the ANU 14UD Pelletron accelerator in
Australia which were pulsed to provide ≈ 1 ns extensive beam burst every
530 ns. Then they exactly gauged the fusion reaction data. Furthermore,
they used the Coupled Channel model (via CCMOD code) to analyze the
experimental data [30]. 28Si + 90,94Zr, Kalkal et al. focused on the heavy
ions (a beam of 28Si in the energy interval Elab of 82–120 MeV with 2 MeV
energy steps on a 90,94Zr target) accelerated by the 15UD Pelletron acceler-
ator at the Inter University Accelerator Centre (IUAC) in New Delhi, India,
and then they exactly gauged the fusion reaction data. Next, they used the
Coupled Channel model (via CCFULL code) to analyze the experimental
data [31]. For 28Si + 92,96Zr, Khushboo et al. focused on the heavy ions (a
beam of 28Si in the energy interval Elab of 81.4–119.5 MeV on a 92,96Zr tar-
get) accelerated by the Pelletron accelerator of Inter University Accelerator
Centre (IUAC), in New Delhi, India, and they used the Coupled Channel
model (via CCFULL code) to analyze the experimental data. Gautam et al.
using these experimental results, worked theoretically to search the effect of
neutron transfer channels and/or collective inelastic surface excitations in
the fusion of 28Si with 90,92,94,96Zr targets via the Coupled Channel (CC)
and the Energy-dependent Woods–Saxon potential (EDWSP) models [35].

With the motivation we got from the studies briefly mentioned above, we
wanted to theoretically examine the data of the 30Si+ 90,92,94,96Zr reactions,
which were not included in the literature in these works, and published them.
We detailed interrogated the effects of phonon number in the projectile and
target nuclei on heavy-ion fusion cross sections and barrier distributions.
These computations were executed with the handling of the NRV [36–39],
CCFULL [6, 15], and Wong’s formula [40, 41]. Data are investigated theoreti-
cally through EDWSP and CC models which are described in Section 2. The
results and discussions section implicates the outputs of our computations.
In the final section, we abridged our outputs and presented our conclusions.
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2. Fusion cross section and barrier distributions formalism

2.1. Energy-dependent Woods–Saxon Potential (EDWSP) model

We can define the total fusion cross section via the partial wave solution
as

σF =
π

k2

∞∑
l=0

(2l + 1)TF
l , (1)

where µ is the reduced mass of interacting nucleus and Ecm is the energy in
the center-of-mass frame. Barrier penetration probability TF

l for the Hill–
Wheeler formula is a function [42]

THW
l =

1

1 + exp [(2π/~wl) (Vl − Ecm)]
, (2)

where Vl is the barrier height and ~wl is the barrier curvature of lth partial
wave. We write this expression within Eq. (1),

σF =
π

k2

∞∑
l=0

(2l + 1)
1

1 + exp [(2π/~wl) (Vl − Ecm)]
. (3)

This statement has been rearranged to make it clearer by Wong [40]

Rl = Rl=0 = RB , (4)
ωl = ωl=0 = ω , (5)

Vl = VB0 +
~2

2µRB
2

[
l +

1

2

]2
, (6)

where, VB0 is the barrier height and RB is the barrier position (radius).
With the help of these expressions, we rewrite the formula known as Wong’s
formula for cross sections [40]

σF =
~w
2Ecm

R2
B ln

[
1 + exp

(
2π

~w
(2Ecm − VB0)

)]
. (7)

Here, it can be viewed that the cross section is computed with the help of
three coefficients: the barrier curvature ~w, the barrier radius RB, and the
barrier height VB0, whereas around the Coulomb barrier it would look as
follows:

σF = πRB
2

[
1− VB0

Ecm

]
; Ecm > VB0 , (8)

σF ≈ RB
2 ~w
2Ecm

exp

(
2π

~w
(2Ecm − VB0)

)
; Ecm < VB0 . (9)
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For Wong’s barrier distributions, the following equation is used [40, 41]:

d2(EσF)

dE2
= πRB

2 2π

~w

(
ex

1 + ex

)2

; x =
2π

~w
(Ecm − VB0) . (10)

In the EDWSP model, the nuclear potential is approved to be of the
Woods–Saxon model, which is described as

VN (r) =
−V0
1

+ exp

[
(r −R0)

a0

]
; R0 = r0

[
A

1/3
P +A

1/3
T

]
, (11)

where V0 is the depth coefficient, a is the position coefficient, AP and AT

are the mass number of projectile and target nuclei. The Coulomb potential
among interacting nuclei is characterized as

VC(r) =
ZPZTe

2

r
, (12)

where ZP and ZT terms denote the charge of the projectile and the target
nuclei. For the EDWSP model, the depth coefficient is characterized as

V0 =
[
A

1/3
P +A

1/3
T − (AP +AT)

1/3
]

×

[
2.38 + 6.8(1 + IP + IT)

A
1/3
P A

1/3
T

A
1/3
P +A

1/3
T

]
MeV , (13)

where AP and AT are the mass number of the projectile and target nuclei.
The isospin asymmetry dynamics for projectile and target nuclei can be
defined as

IP =

(
NP − ZP

AP

)
; IT =

(
NT − ZT

AT

)
. (14)

This model limits the potential depth for the system where the charge of
the projectile and target nuclei combination is from ZPZT = 84 to ZPZT =
1640. Static and dynamic effects of fusion reactions generally take place in
the surface of the nuclear potential or the tail area of the Coulomb barrier.
All these mentioned impacts provide the change of potential coefficients.
Surface impacts, namely coupled channel impacts, provide an increase in
fusion in the energies under the barrier.

Finally, we can define the position parameter for the EDWSP model as

a(E) = 0.85

1 + r0

13.75
(
A
−1/3
P +A

−1/3
T

)[
1 + exp

(
E

VB0
−0.96

0.03

)]
 fm .

(15)
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2.2. Coupled Channel (CC) model

In this section, we presented the CC model for the heavy-ion fusion
reaction systems. The undermentioned series of coupled channel equations
are to be decoded statistically via this model [6, 8, 43–45][

− ~2

2µ

d2

dr2
+
J(J + 1)~2

2µr2
+ V 0

N (r) +
ZPZTe

2

r
+ εn − E

]
×ψn(r) +

∑
m

Vnm(r)ψm(r) = 0 . (16)

In this equation, respectively, µ, Ecm, and εn refer to the reduced mass
of the projectile–target nuclei, the energy in the center-of-mass frame, and
the excitation energy of the nth channel. While Vnm symbolizes the matrix
components of the Hamiltonian consisting of Coulomb and nuclear terms,
the term r is the radial coordinate between interacting nuclei. When the
degrees of freedom are included, the fusion cross section is expressed as

σF(Ecm) =
∑
j

σjEcm =
π

k20

∑
j

(2j + 1)PJ(Ecm) . (17)

The term PJ(Ecm) seen in this equation is expressed as the transmission
parameter related to the angular momentum J . The Hamiltonian processors
for rotational (deformed) and vibrational coupled channels are expressed as

ÔR = β2RTY20 + β4RTY40 , (18)

ÔV =
βλ√
4π
RT

(
a†λ0 + aλ0

)
, (19)

where, RT = r0(A
1/3
p ), βλ and (a†λ0+aλ0) implie the deformation parameters

and the derivation (extinction) processor of the phonon of the vibrational
state of multipolarities λ. The nuclear coupling matrix components are
defined as

V N
nm =

〈
n
∣∣∣VN (r, Ô)∣∣∣〉− V (0)

N δn,m . (20)

For rotational and vibrational coupled states, the matrix components are
expressed as

ÔR(I,I′) =

√
5(2I + 1) (2I ′ + 1)

4π
β2RT

(
I 2 I ′

0 0 0

)2

+

√
9(2I + 1) (2I ′ + 1)

4π
β4RT

(
I 4 I ′

0 0 0

)2

, (21)

ÔV(n,m) =
βλ√
4π
RT

(
δn,m−1

√
m+ δn,m+1

√
n
)
. (22)
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The matrix components are calculated via the linear coupling approach
and illustrated as

V
(C)
V(n,m) =

βλ√
4π

3

2λ+ 1
ZPZTe

2R
λ
T

rλ
(√
mδn,m−1 +

√
n δn,m+1

)
, (23)

V
(C)
R(I,I′) =

3ZPZT

R2
T

5r3
√

5(2I+1) (2I ′+1)

4π

(
β2 +

2

7
β22

√
5

π

)(
I 2 I ′

0 0 0

)2
+
3ZPZTR

4
T

9r5

√
9(2I+1) (2I ′+1)

4π

(
β4 +

9

7
β22

√
5

π

)(
I 4 I ′

0 0 0

)2
. (24)

The total coupling matrix components are achieved via accumulation of V (N)
nm

and V (C)
nm .

3. Results and discussions

In this chapter, we offer our theoretical investigation outcomes via the
EDWSP and CC models for the 30Si + 90,92,94,96Zr reaction series.

All calculus was executed with the handling of the NRV [36–39], CCFULL
[6, 15], and Wong’s formula [40, 41] through EDWSP and CC models. In
this work, it should be especially emphasized that 30Si, 94Zr, and 96Zr nuclei
are deformed and have to be treated as rotators, besides this, 90Zr and 92Zr
nuclei are treated as having the vibrational intrinsic spectra (as can be seen
in Fig. 1).

Fig. 1. The shapes of the interacting nuclei according to their deformation param-
eters.

The rotational (deformed) states of the 30Si nucleus has the following
deformation parameters [46–49]: E2+ = 2.2353 MeV, β2 = −0.236 and
β4 = 0.040. In like manner, the rotational (deformed) states for the 94Zr
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nucleus have the ensuing parameters [46–49]: E2+ = 0.9188 MeV, β2 =
−0.156, β4 = −0.003 and for the 96Zr nucleus have the ensuing parameters
[46–49]: E2+ = 1.7505 MeV, β2 = 0.240, β4 = 0.011. In addition, these
vibrational states for the 90Zr nucleus have the ensuing parameters [46–49]:
E2+ = 2.1863 MeV, β2+ = 0.0907, E3− = 2.748 MeV, β3− = 0.211, and
for the 92Zr nucleus [46–49]: E2+ = 0.9345 MeV, β2+ = 0.100, E3− =
2.340 MeV, β3− = 0.174. Taking into consideration these characteristics of
the projectile and target nuclei, we obtain fairly good agreement between
theoretical predictions for the fusion cross section and barrier distribution
functions.

We have analyzed respectively the 30Si+90,92,94,96Zr reaction series cross
sections and barrier distributions at 2.0 MeV paces in the energy interval of
60–96 MeV. The multiples of the nuclear potential were assigned for each
reaction and demonstrated in Table 1. Moreover, we received the integra-
tion coefficients as Rmax = 25 fm and integration paces h = 0.05 fm in
calculations.

Table 1. The barrier peculiarities such as VB0, RB, and ~ω as handled in the ED-
WSP and CC models computations of fusion cross section and barrier distributions
for our 30Si + 90,92,94,96Zr reaction series.

Reaction VB0 [MeV] RB [fm] ~ω [MeV] Ref.
30Si + 90Zr 70.02 10.52 3.31 [6]
30Si + 92Zr 69.61 10.59 3.30 [6]
30Si + 94Zr 69.22 10.66 3.28 [6]
30Si + 96Zr 69.85 10.72 3.27 [6]

The Woods–Saxon (WS) and EDWSP parameter values are inscribed in
Tables 2 and 3 for the same reactions, respectively.

Table 2. Height, potential, and position parameters of WS potential handled in
the CC calculations for our 30Si + 90,92,94,96Zr reaction series.

Reaction r0 [fm] V0 [MeV] a [MeV] Refs.
30Si + 90Zr 1.176 67.347 0.663 [50–53]
30Si + 92Zr 1.176 67.437 0.664 [50–53]
30Si + 94Zr 1.176 67.528 0.664 [50–53]
30Si + 96Zr 1.177 67.619 0.664 [50–53]
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Table 3. Height, potential, and position parameters of WS potential handled in
the CC calculations for our 30Si + 90,92,94,96Zr reaction series.

Reaction r0 [fm] V0 [MeV] apresent

energy range [ fm
MeV ] Ref.

30Si + 90Zr 1.100 92.365 0.97–0.85
60 to 90 [35]

30Si + 92Zr 1.100 94.378 0.97–0.85
60 to 90 [35]

30Si + 94Zr 1.100 96.340 0.97–0.85
60 to 90 [35]

30Si + 96Zr 1.100 98.253 0.97–0.85
60 to 90 [35]

All calculation results are exhibited in Fig. 2 to Fig. 7, which demon-
strate fusion cross sections and barrier distributions for the 30Si+90,92,94,96Zr
reaction series respectively. As can be seen from all figures, handled com-
putation models, codes, and parameters are in fine connection with each
other. In spite of there being a little few disagreements in the areas below
the barrier region, computations mostly realized a good coherence foregoing
the barrier area for cross sections.

In Fig. 2, the 30Si + 90Zr reaction, cross-section outputs alter from
1.007×10−8 mb to 853.4 mb and the barrier distributions outputs alter from
1.620 mb/MeV to 421.900 mb/MeV for no-excitations computations at
2.0 MeV steps in the energy interval of 60–96 MeV. For the rotational pro-
jectile nuclei and 2+ vibrational target nuclei calculations, outputs alter
from 1.344 × 10−9 mb to 753.300 mb via NRV and from 1.471 × 10−7 mb
to 832.300 mb via CCFULL. The barrier distributions outputs alter from
−5.962 mb/MeV to −14.640 mb/MeV for the rotational projectile nuclei and

Fig. 2. The fusion cross sections and barrier distribution functions for the 30Si+90Zr

reaction through EDWSP and CC models with the quadrupole 2+ vibrational
combinations of the target nucleus.
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2+ vibrational target nuclei calculations. For the inert projectile nuclei and
2+ vibrational target nuclei calculations, outputs alter from 1.848×10−8 mb
to 858.600 mb via NRV and from 2.158 × 10−8 mb to 866.900 mb via
CCFULL. The barrier distributions outputs alter from −5.962 mb/MeV to
−14.640 mb/MeV for the inert projectile nuclei and 2+ vibrational target
nuclei calculations. For the rotational projectile nuclei and inert target nu-
clei calculations, outputs alter from 9.653 × 10−8 mb to 861.800 mb via
NRV and from 6.941×10−8 mb to 882.100 mb via CCFULL. Wong’s formula
cross-section outputs alter from 1.692×10−7 mb to 940.400 mb. The barrier
distributions outputs alter from −8.587 mb/MeV to −11.370 mb/MeV for
the rotational projectile nuclei and inert target nuclei calculations. Wong’s
formula barrier distributions calculations change from 3.654 mb/MeV to
2.583 mb/MeV.

In Fig. 3, for the 30Si + 90Zr reaction, cross-section outputs alter from
9.997 × 10−9 mb to 763.100 mb and the barrier distributions outputs alter
from 1.830 mb/MeV to 442.500 mb/MeV for no-excitations computations
at 2.0 MeV steps in the energy interval of 60–96 MeV. For the rotational
projectile nuclei and 3− vibrational target nuclei calculations, outputs alter
from 1.424 × 10−7 mb to 894.900 mb via NRV and from 2.921 × 10−7 mb
to 850.300 mb via CCFULL. The barrier distributions outputs alter from
−4.132 mb/MeV to 438.400 mb/MeV for the rotational projectile nuclei and
3− vibrational target nuclei calculations. For the inert projectile nuclei and
3− vibrational target nuclei calculations, outputs alter from 1.918×10−8 mb
to 868.600 mb via NRV and from 2.158 × 10−8 mb to 875.900 mb via
CCFULL. The barrier distributions outputs alter from −8.816 mb/MeV to
−18.620 mb/MeV for the inert projectile nuclei and 3− vibrational target

Fig. 3. The fusion cross sections and barrier distribution functions for the 30Si +
90Zr reaction through EDWSP and CC models with the octupole 3− vibrational
combinations of the target nucleus.
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nuclei calculations. For the rotational projectile nuclei and inert target nu-
clei calculations, outputs alter from 9.653×10−8 mb to 861.800 mb via NRV
and from 6.941×10−8 mb to 882.100 mb via CCFULL. Wong’s formula cross-
section outputs alter from 1.692×10−7 mb to 940.400 mb. The barrier distri-
butions outputs alter from −8.677 mb/MeV to −11.760 mb/MeV for the ro-
tational projectile nuclei and inert target nuclei calculations. Wong’s formula
barrier distribution outputs alter from 3.795 mb/MeV to 2.792 mb/MeV.

In the no-coupled excitations specification, the projectile nuclei and tar-
get nuclei are taken as inert. It is clear from Figs. 2 and 3 that the effect of
octupole vibrational states of the target nucleus on coupled channel calcu-
lations is greater than that of quadrupole vibrational states, namely the 3−

vibrational state can be expressed to be more effective than the 2+ one.
It is monitored that the CC and phonon excitation impressions increased

the calculated cross sections around the Coulomb barrier energies. As can be
seen in Figs. 2 and 3, in spite of very small disagreements below the barrier
area, all fusion cross-section outputs usually achieved a fine coherence afore
the barrier area. The handled models, codes, and parameters are in fine
coherence with each other.

It is substantial for the fusion dynamics of the reaction that the tar-
get nucleus has a spherical (vibrational) shape in the ground state, and the
projectile has a deformed flat shape in the ground state. Since the excita-
tion energy of the quadrupole vibrational state of the target is lesser than
that of octupole vibrations, this situation is understandably reflected in our
theoretical calculation results presented in Figs. 4 and 5. In Fig. 4, for
the 30Si+ 92Zr reaction, cross-section outputs alter from 2.467×10−8 mb to
878.500 mb and the barrier distributions outputs alter from −8.831 mb/MeV
to −14.450 mb/MeV for no-excitations calculations at 2.0 MeV paces in the

Fig. 4. The fusion cross sections and barrier distribution functions for the 30Si+92Zr

reaction through EDWSP and CC models with the quadrupole 2+ vibrational
combinations of the target nucleus.
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energy interval of 60–96 MeV. For the rotational projectile nuclei and 2+ vi-
brational target nuclei calculations, outputs alter from 5.118 × 10−9 mb
to 779.100 mb via NRV and from 4.903 × 10−7 mb to 879.100 mb via
CCFULL. The barrier distribution outputs alter from −1.077 mb/MeV to
−209.300 mb/MeV for the rotational projectile nuclei and 2+ vibrational
target nuclei calculations. For the inert projectile nuclei and 2+ vibrational
target nuclei calculations, outputs alter from 5.592×10−8 mb to 879.600 mb
via NRV and from 6.533× 10−8 mb to 896.100 mb via CCFULL. The barrier
distribution outputs alter from −8.274 mb/MeV to −11.390 mb/MeV for the
inert projectile nuclei and 2+ vibrational target nuclei calculations. For the
rotational projectile nuclei and inert target nuclei calculations, outputs alter
from 2.242× 10−7 mb to 886.900 mb via NRV and from 1.605× 10−7 mb to
911.800 mb via CCFULL. Wong’s formula cross-sections outputs alter from
3.521× 10−7 mb to 968.000 mb. The barrier distribution outputs alter from
−6.679 mb/MeV to −10.940 mb/MeV for the rotational projectile nuclei and
inert target nuclei calculations. Wong’s formula barrier distribution outputs
alter from 6.945 mb/MeV to 1.036× 10−18 mb/MeV.

In Fig. 5, for the 30Si + 92Zr reaction, cross-section outputs alter from
2.527×10−8 mb to 881.500 mb and the barrier distribution outputs alter from
−8.923 mb/MeV to −15.730 mb/MeV for no-excitations calculations at
2.0 MeV paces in the energy interval of 60–96 MeV. For the rotational pro-
jectile nuclei and 3− vibrational target nuclei calculations, outputs alter
from 1.505 × 10−8 mb to 778.600 mb via NRV and from 1.673 × 10−6 mb
to 881.600 mb via CCFULL. The barrier distribution outputs alter from
−5.88 mb/MeV to −548.400 mb/MeV for the rotational projectile nuclei and
3− vibrational target nuclei calculations. For the inert projectile nuclei and
3− vibrational target nuclei calculations, outputs alter from 1.769×10−7 mb
to 906.800 mb via NRV and from 3.122 × 10−7 mb to 883.500 mb via

Fig. 5. The fusion cross sections and barrier distribution functions for the 30Si +
92Zr reaction through EDWSP and CC models with the octupole 3− vibrational
combinations of the target nucleus.
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CCFULL. The barrier distribution outputs alter from −8.009 mb/MeV to
−10.680 mb/MeV for the inert projectile nuclei and 3− vibrational target
nuclei calculations. For the rotational projectile nuclei and inert target nu-
clei calculations, outputs alter from 2.322 × 10−7 mb to 892.500 mb via
NRV and from 1.711×10−7 mb to 923.400 mb via CCFULL. Wong’s formula
cross-sections outputs alter from 3.521× 10−7 mb to 968.000 mb. The bar-
rier distribution outputs alter from −6.679mb/MeV to −10.940mb/MeV for
the rotational projectile nuclei and inert target nuclei calculations. Wong’s
formula barrier distribution outputs alter from 7.651 × 10−5 mb/MeV to
1.042× 10−18 mb/MeV.

In the no-coupled excitations specification, the projectile and target are
taken as inert. It is clear from Figs. 4 and 5 that the effect of octupole vibra-
tional states of the target nucleus on coupled channel calculations is greater
than that of quadrupole vibrational states, namely the 3− vibrational state
can be expressed to be more effective than the 2+ vibrational state. It is
viewed that the CC and phonon excitation impacts increased the calculated
fusion cross section around the Coulomb barrier area. As can be seen in
Figs. 4 and 5, in spite of very small disagreements below the barrier area,
all fusion cross-section outputs usually achieved a fine coherence afore the
barrier area. The handled models, codes, and parameters are in fine coher-
ence with each other. Additionally, for vibrational states and their alternate
couplings of the target nucleus, these calculations may be little deflected
from the general fusion data at below barrier energy regions as glaring from
Figs. 2 to 5.

In Fig. 6, for the 30Si + 94Zr reaction, cross-section outputs alter from
5.819×10−8 mb to 902.8 mb and the barrier distributions outputs alter from
−9.939 mb/MeV to −17.7004 mb/MeV for no-excitations calculations at
2.0 MeV paces in the energy interval of 60–96 MeV. For the rotational pro-
jectile nuclei and target nuclei calculations, cross-section outputs alter from
1.618×10−6 mb to 923.800 mb. The barrier distributions outputs alter from
9.928 mb/MeV to −9.499 mb/MeV for the rotational projectile nuclei and
target nuclei calculations. For the inert projectile nuclei and rotational tar-
get nuclei calculations, cross-section outputs alter from 5.011× 10−7 mb to
911.400 mb. The barrier distributions outputs alter from −5.494 mb/MeV
to −10.240 mb/MeV for the inert projectile nuclei and rotational target
nuclei calculations. For the rotational projectile nuclei and inert target
nuclei calculations, cross-section outputs alter from 2.2422 × 10−7 mb to
886.900 mb. Wong’s formula cross-section outputs alter from 6.693×10−7 mb
to 995.400 mb. The barrier distribution outputs alter from −0.817 mb/MeV
to −8.791 mb/MeV for the rotational projectile nuclei and inert target nu-
clei calculations. Wong’s formula barrier distributions outputs alter from
1.472× 10−4 mb/MeV to 3.686× 10−19 mb/MeV.
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Fig. 6. The fusion cross sections and barrier distribution functions for the 30Si +
94Zr reaction through EDWSP and CC models with the rotational (deformed)
combinations of the target nucleus.

When we compare the rotational (deformed) states containing two
phonons with the no-excitations state for the 30Si + 94Zr reaction, it is seen
in Fig. 6 that the cross section of the no-excitations state is lower. The
barrier distributions soften when the phonons number alters and they start
to alter mildly when phonons number is different from 0, they attain their
smoothness at n ≈ 2. In addition to this, the frame of barrier distributions
sustains the same when a spacious number of phonons is considered in the
coupled channel calculations.

As can be seen in Fig. 6, in spite of very small disagreements below the
barrier area, all fusion cross-section outputs usually achieved a fine coherence
afore the barrier area. The handled models, codes, and parameters are in
fine coherence with each other.

For the 30Si + 96Zr reaction, the coupled channel computations about
the no-excitations state are dramatically minor than that of the rotational
(deformed) states containing two phonons as can be seen in Fig. 7. The
impacts of rotational (deformed) states are quite large compared to the
others.

In Fig. 7, for the 30Si + 96Zr reaction, cross-sections outputs alter from
1.336×10−7 mb to 926.600 mb and the barrier distribution outputs alter from
−7.606 mb/MeV to −14.980 mb/MeV for no-excitations calculations at
2.0 MeV paces in the energy interval of 60–96 MeV. For the rotational
projectile nuclei and target nuclei calculations, cross-section outputs alter
from 5.990 × 10−5 mb to 950.000 mb. The barrier distributions outputs
alter from 13.560 mb/MeV to −5.753 mb/MeV for the rotational projec-
tile nuclei and target nuclei calculations. For the inert projectile nuclei
and rotational target nuclei calculations, cross-section outputs alter from
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Fig. 7. The fusion cross sections and barrier distribution functions for the 30Si +
96Zr reaction through EDWSP and CC models with the rotational (deformed)
combinations of the target nucleus.

1.197 × 10−5 mb to 932.900 mb. The barrier distributions outputs alter
from 24.580 mb/MeV to −6.469 mb/MeV for the inert projectile nuclei
and rotational target nuclei calculations. For the rotational projectile nu-
clei and inert target nuclei calculations, cross-section outputs alter from
1.103× 10−6 mb to 935.500 mb. Wong’s formula cross-section outputs alter
from 1.301 × 10−6 mb to 1020.500 mb. The barrier distributions outputs
alter from 10.340 mb/MeV to −13.780 mb/MeV for the rotational projectile
nuclei and inert target nuclei calculations. Wong’s formula barrier distribu-
tions outputs alter from 2.879× 10−4 mb/MeV to 1.571× 10−19 mb/MeV.

Consequently, the rotations in heavier targets (such as 94Zr and96Zr nu-
clei) are over intense and their impacts on the fusion duration of the con-
sequential coaction may not be ignored and hereby is hoped to be a lot
grander. To investigate some declinations between these forecasts and reac-
tion, results are prominent for the refinement of heavy-ion researches infra
barrier. Additionally, the efficacies of coupled channels on the fusion reac-
tion are major and these efficacies are known to escalate as one acts from a
stable target core with a minor number of neutrons (90Zr) to a stable target
core with a major number of neutrons (96Zr).

Furthermore, we aimed to present to the reader the harmony or dishar-
mony among calculation codes and methods. If experimental data are not
available for the investigated fusion reactions, it is important to see how mi-
nor or major similarities and differences between methods affect the results
using various techniques.

Mathematical (numerical) realizations are variant in some particulars,
the alternative distinctions between the NRV and CCFULL; the NRV im-
plements a more proper design for the matrix component reckoning, also
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provides the chance to labor with the proximity potential, takes into ac-
count the nominal geometrical factor in the potential that is substantial
when grand deformations play a part, and ensures a handy system [6, 36–
39]. In other words, while NRV and CCFULL come in sight both in terms of
entrance and output data, the major property that differentiates them from
each other is the matrix component reckoning styles. The NRV code pro-
vides a new and advanced method for the numerical solution of CC equations
[54, 55]. To come by a proper barrier distribution, fine and supereminence
cross-sections knowledge is necessary, along with a handy quantitative tech-
nique to calculate the second derivative. Via this inspiration, we checked
the barrier distributions acquired via NRV and CCFULL. The second deriva-
tive of Wong’s formula is a theoretical computation formula that reproduces
the empirical output. The calculations showed that Wong’s formula repro-
duced the barrier distribution in an admissible technique confronted with
theoretical calculations (NRV and CCFULL).

4. Conclusion

This theoretical investigation puts the emphasis on a way of understand-
ing the principal effectiveness of the target–projectile couplings on the fusion
interaction structure.

In our study, we have analyzed the 30Si + 90,92,94,96Zr fusion reaction
series framework with different calculation codes and coupling configuration
parameters at 2.0 MeV paces in the 60–96 MeV energy interval with various
combinations of the projectile and target nuclei via EDWSP and CC mod-
els. All calculating outcomes are in exquisite compatibility with each other.
NRV, CCFULL, and Wong’s formula are handy and frequently modernized
codes to achieve and strengthen dexterities and experimentation in adapt-
ing to advanced approximations to portray the qualifications of the nucleus
and to be able to peruse the coefficients of reactions. In accordance with
the starting plan of this study, the data obtained with the existing calcula-
tion methods gave handy and consistent results. Benchmarking the results
of broad outputs relying on EDWSP and CC models with each other has
expedited our explication of the effect of deformation coefficients and the
importance of computation models on the reactions.

As a result of the calculations, it has been observed that spherical, that is,
vibrating nuclei, and rotation, that is, deformed nucleus effects, are effective
couplings that lead to large cross sections around the barrier. In the graphs,
despite there being very small separations below the barrier region, cross-
section computations mostly executed an explicit coherence with each other
above the barrier zone. The computation procedure, codes, and coefficients
are in fine coherence with each other. The EDWSP calculations reliably
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predict cross sections and thus clearly explain cross sections around the
barrier energies. The deformations (rotation effects) in heavier targets are
more vigorous and their efficacies on the heavy-ion reactions of the relevant
interaction may not be disregarded and, in consequence, are anticipated to
be grander. To investigate some deflections between these predictions and
sub-barrier, fusion results are major for the development of heavy-ion studies
below barrier regions. In addition, the efficacies of the CC computations on
the heavy-ion reactions are very substantial, and can be observed that such
effects increase when comprehensive research is made from an isotope with
few neutrons to isotopes with more neutrons.

In terms of guiding new research: more complex and different potentials
can be used to further improve fusion calculations and investigations can be
improved by handling different potentials and developing varied techniques
for deformation coefficients. As a result, by arranging the coefficients most
suitable for the experimental frameworks, we can make these datasets ready
for future use as a preliminary in case the experimental conditions are not
met.
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