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Abstract 

Mg 2 X (X = Si, Sn, and Ge) based systems have attracted widespread attention owing to their various benefits in thermoelectric applications. 
In particular, to date, ternary Mg 2 X based solid solutions have become one of the most widely investigated thermoelectric systems. However, 
the investigation of temperature varied thermoelectric properties of Mg 2 X based quaternary systems is rather limited both theoretically 
and experimentally. Therefore, here, we report a rigorous theoretical work of thermoelectric properties for n-type Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z 
quaternary solid solutions ( z = 0.02, 0.025, 0.03, and 0.035) from 300 K to 850 K. By using nearly-free-electron model together with Fermi–
Dirac statistics we define Fermi level both in extrinsic and intrinsic regimes as a function of temperature. We follow Hicks and Dresselhaus’ 
approach to calculate electronic transport properties. By performing the Debye’s isotropic continuum model a detailed theoretical investigation 
of lattice thermal conductivity is presented among with various phonon relaxation rates. From our theoretical analysis the highest ZT is attained 
for Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 solid solution as 1.14 at 850 K. 
© 2019 Published by Elsevier B.V. on behalf of Chongqing University. 
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1. Introduction 

Thermoelectric devices could convert various kinds of
heat (i.e, solar heat, geothermal heat and exhaust gases
of automobiles) into electricity and vice-versa. In recent
years, thermoelectric devices are being paid more and more
attention owing to their unique advantages such as no noise,
less maintenance, no moving parts, and long life [1–5] .
Dimensionless figure of merit ZT of thermoelectric materials
is usually used to evaluate the conversion efficiency of a
device. It is determined by combining transport properties of
Seebeck coefficient ( S ), electrical conductivity ( σ ), and total
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hermal conductivity ( κ total ) as 

T = 

S 

2 σ

κtotal 
T , (1)

here κtotal = κc + κbp + κph with carrier, bipolar, and phonon
omponents of thermal conductivity, respectively. To design
 thermoelectric device with enhanced value of ZT one
eeks materials that have large Seebeck coefficient, are good
onductors of electricity whereas are poor conductors of heat
1–5] . This is quite challenging task since all these three trans-
ort parameters are coupled to each other in classical physics.
here are inverse relationships between σ and κc due to the
iedemann Franz law and S and σ owing to the Boltzmann’s

ransport theory. The most common strategy to maximize the
T is to find new bulk materials and their further engineering

o make them with efficiencies comparable to the current
echanical engines [1–5] . Semiconductors are very good

hermoelectric materials and their performance can be further
mproved by choosing the best dopant and substitution to
. This is an open access article under  CC BY-NC-ND license. 
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he correct site. Among all other alternative thermoelectrics
orking at 400 K � T � 800 K (i.e PbTe or CoSb 3 ) the con-

tituent elements of Mg 2 X (X = Si, Sn, and Ge) compounds
re of ascending interest due to their competitive advantages
uch as being low cost, non-toxicity, and abundant in nature,
aving low material density and tailorable electronic struc-
ures [1–6] . These Mg 2 X based materials have narrow indirect
and gaps and crystallize in anti-fluorite structure with space
roup FM ̄3 m having face centred cubic lattice [7–10] . They
ave been extensively studied in thermoelectric research soci-
ty due to their attractive characteristics such as high Seebeck
oefficient and electrical conductivity with small thermal con-
uctivity which could be very useful for high performance
hermoelectric applications [1–6,11–13] . The thermoelectric 
fficiency of Mg 2 Si can be greatly improved by alloying with
g 2 Sn. Among the Mg 2 (Si,Sn) ternary series, the Sn-rich
embers exhibit high ZT when doped with Sb and the work

one by Zaitsev et al. was shown that n-type compositions of
g 2 Si 1 −x Sn x with x = 0.4 and x = 0.6 had ZT � 1.1 at � 800 K

8] . Also, Liu et al. investigated Mg 2 Si 1 −x Sn x (0.2 ≤x ≤0.8)
nd reported that the compositions with x = 0.6 to x = 0.7
ad a maximum ZT � 1.3 at � 750 K [14] . The reason of
aving large ZT values of these systems is because of their
ignificantly low thermal conductivity coming from enhanced
hort wave-length phonon scattering due to point defects. As
 next stage of these studies nowadays quaternary Mg 2 (Si,
n, Ge) systems have attracted a great deal of attention
ue to their higher thermoelectric performances than their
ernary series sourced from introducing additional atoms
n the lattice. However, in thermoelectric research area the
nvestigation of thermoelectric transport properties of Mg 2 (Si,
n, Ge) quaternary systems is still rare both theoretically
nd experimentally. In particular, there is an urgent need of
 systematic and rigorous theoretical explanation for thermo-
lectric properties of these quaternary systems. Lately, from
he experimental work of by Khan et al. [15] it was found that
i doped Mg 2 Si 1 −x−y Sn x Ge y solid solution ( x = 0.4, y = 0.05)
xhibited very good thermoelectric performance with ZT = 1.4
t 823 K. Therefore, in this research, we theoretically in-
estigated quaternary n-type doped Mg 2 Si 1 −x−y−z Sn x Ge y Bi z 
olid solutions (with x = 0.4, y = 0.05, z = 0.02, 0.025, 0.03,
nd 0.035) in terms of thermoelectric transport behaviours
mong with their experimental work reported by Khan et al.
15] . Being different from lots of theoretical works done
o far [16–21] we assume the energy-dependent relaxation
ime assumption for thermoelectric transport properties since
he energy-dependent acoustic phonon scattering mechanism 

lays an important role for Mg 2 X based compounds [22,23] .
ased on our theoretical model on temperature variant Fermi

evel [24] we calculate S, σ , and κc as a function of tempera-
ure with Hicks and Dresselhaus’ approach [25] . Bipolar and
honon components of thermal conductivity are inserted by
ollowing Price’s theory [26] and Debye’s isotropic contin-
um model, respectively. Several phonon scattering processes
re taken into account rigorously for our theoretical work to
gure out dominantly effective phonon scattering mechanism
or Mg 2 (Si, Sn, Ge) quaternary systems. 
. Theory 

First of all, we perform first-principles calculations us-
ng density functional theory (DFT) as implemented in the
lane-wave-based Quantum ESPRESSO package [27] . We
se the Perdew–Zunger exchange correlation correspond- 
ng to the local density approximation (LDA) [28] . We set
he kinetc energy cutoffs of 120 Ry for the plane sets of

g 2 Si, Mg 2 Si 0.55 Sn 0.40 Ge 0.05 and Mg 2 Si 0.53 Sn 0.40 Ge 0.05 Bi 0.02 

tructrues. The Brillouin zone is sampled using �-centred
niform Monkhorst–Pack [29] meshes with dimensions of
 ×4 ×4 (ionic relaxations) and 6 ×6 ×6 (self-consistent field
olutions). We fully relax all the structures until the max-
mum Hellmann–Feynman force acting on each atoms is
maller than 0.001 eV/ ̊A. The total energy convergence is
et to less than 10 

−8 eV in our calculations. A Methfessel–
axton smearing [30] of 0.005 Ry is adopted in all calcu-

ations. We used 3 ×3 ×3 supercell geometry of Mg 2 Si us-
ng experimental lattice constant of Mg 2 Si, 6.391 Å [31] to
uild Mg 2 Si 0.55 Sn 0.40 Ge 0.05 and Mg 2 Si 0.53 Sn 0.40 Ge 0.05 Bi 0.02 

tructures. We randomly choose the substitution sites at
ach specific composition considering the structure with the
ighest symmetry. We carefully optimise the constructed
g 2 Si 0.55 Sn 0.40 Ge 0.05 and Mg 2 Si 0.53 Sn 0.40 Ge 0.05 Bi 0.02 struc-

ures which are shown in Fig. 1 . 
Theoretical calculations for thermoelectric transport prop- 

rties are performed by assuming single band materials. In
ost of the previous works, the constant relaxation time

pproximation is generally used for thermoelectric properties
alculations [16–21] . However, in this present work, we
mploy energy-dependent relaxation time approximation to 

resent more accurate theoretical method. In our theoreti-
al method for the thermoelectric transport properties the
rst step is to define temperature varied Fermi level both

n extrinsic and intrinsic regimes. Within the single-band
early-free-electron theory we follow Hicks and Dresselhaus’
pproach [25] to define S, σ , and κc as a function of tem-
erature. The bipolar contribution on thermal conductivity 

 κbp ) is calculated by following the Price’s theory [26] with
he simplified version of Glassbrenner and Slack’s expression
32] . Lastly, we perform our lattice thermal conductivity cal-
ulations following the Debye’s isotropic continuum model
ssuming single-mode relaxation time approach. Phonon re-
axation rates contributed by boundary, mass defects, acoustic
eformation potential, and anharmonic phonon scatterings 
re included rigorously. The expressions for electronic and
hermal transport properties are listed in Table. 1 . 

. Results and discussion 

In this present work, theoretical calculations of
hermoelectric transport properties are performed for

g 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid solutions with the dop-
ng level choosing as z = 0.02, 0.025, 0.03, and 0.035,
espectively. Parameters used for theoretical computations 
re listed in Table 2 . 
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Fig. 1. Optimised atomic structures of (a) Mg 2 Si 0.55 Sn 0.4 Ge 0.05 and (b) Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 . 

Table 1 
Temperature variation of electrical and thermal transport properties of n-type doped semiconductors. Electronic transport properties are expressed as a function 

of Fermi integrals, F i = 

∫ ∞ 

0 
x i dx 

e (x−ζ∗ ) +1 
where x = 

E 
k B T 

and ζ ∗ = E f /k B T . Expressions for phonon relaxation rates from boundary scattering ( τ−1 
qs (bs) ), mass 

defect scattering ( τ−1 
qs (md) ), acoustic deformation scattering ( τ−1 

qs (dp) ), and anharmonic scattering ( τ−1 
qs (anh) ) are also included. More detailed discussions for 

thermal transport properties have been already given in Ref. [39] . 

Property Expression 

Fermi level E 

ext 
f = 

1 
2 (E c + E d ) + 

k B T 
2 ln N d 

2U c 
− k B T sinh −1 

(√ 

U c 
8 N d 

exp ( −�E i 
2k B T 

) 
)

Seebeck coefficient S = − k B 
e 

( 

(r+ 5 2 ) F r+ 3 2 
(ζ∗ ) 

(r+ 3 2 ) F r+ 1 2 
(ζ∗ ) 

− ζ ∗
) 

Electrical conductivity σext = 

4 
3 π

√ 

π
e 2 
m ∗c 

h̄ ρc 2 L 
E 2 D 

F 1 / 2 AT ς 

Carrier thermal conductivity κel = 

(
k B 
e 

)2 
σT 

⎛ 

⎝ 

(
r+ 7 2 

)
F 

r+ 5 2 
(ζ∗ ) (

r+ 3 2 

)
F 

r+ 1 2 
(ζ∗ ) 

−
⎡ 

⎣ 

(
r+ 5 2 

)
F 

r+ 3 2 
(ζ∗ ) (

r+ 3 2 

)
F 

r+ 1 2 
(ζ∗ ) 

⎤ 

⎦ 

2 

⎞ 

⎠ 

Bipolar thermal conductivity κbp = F bp T p exp (−E g / 2k B T ) 

Phonon thermal conductivity κph = 

h̄ 2 q 5 D 
6 π2 k B T 2 

∑ 

s c 
4 
s 

∫ 1 
0 dx x 4 τ n̄ ( ̄n + 1) 

Phonon relaxation rates for scattering mechanisms: 
τ−1 

qs (bs) = 

c s 
L 

τ−1 
qs ( md ) = 

�md �

4π c̄ 3 
ω 

4 (qs) 

τ−1 
ql ( dp ) = 

3 
8 
√ 

π

E 2 df 
ρc 2 L ̄h 

4 (2m 

∗k B T ) 3 / 2 

τ−1 
qs ( anh ) = 

h̄ q 5 D γ
2 

4πρc̄ 2 
∑ 

s ′ s ′′ ε 

[∫ 
dx 

′ 
x 

′ 2 x 
′′ 
+ [(1 − ε + ε(Cx + Dx 

′ 
)] 

n̄ 
q 
′ 
s 
′ ( ̄n 

′′ 
+ +1) 

( ̄n qs +1) 
+ 

1 
2 

∫ 
dx 

′ 
x 

′ 2 x 
′′ 
−[1 − ε + ε(Cx − Dx 

′ 
)] 

n̄ 
q 
′ 
s 
′ ̄n 

′′ 
−

n̄ qs 

]
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Fig. 2 represents the electronic band structures of Mg 2 Si,
Mg 2 Si 0.55 Sn 0.4 Ge 0.05 and Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 , respec-
tively. In agreement with the previously reported theoretical
works [33,34] we predict the band gap value of 0.2 eV for
Mg 2 Si. This value is smaller than the experimental measured
indirect band gap of in the range of 0.69 eV–0.78 eV [35] .
It is a well known the fact that the accurate prediction of
and gap in these systems is quite challenging since DFT
ithin the LDA or the generalised gradient approximation

GGA) under estimates the band gaps of semiconductors due
o factors such as self interactions. However, it is evident that
omparing our band structures with other advanced approxi-
ations in DFT gives the same topology of the bands. From
igs. 2 (b) and (c) it is clearly seen that when the Bi is doped
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Table 2 
Parameters required for thermoelectric transport computations of 
Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid solution series with the doping levels 
of z = 0.02, 0.025, 0.03, and 0.035. 

Property/Parameter z = 0.02 z = 0.025 z = 0.03 z = 0.035 

E g (0) (eV) [40] 0.35 0.35 0.35 0.35 
E d (eV) 0.3 0.32 0.34 0.345 
α (eV/K) 8.85 ×10 −4 8.85 ×10 −4 8.85 ×10 −4 8.85 ×10 −4 

N d (m 

−3 ) [15] 2.2 ×10 26 3.0 ×10 26 3.8 ×10 26 4.2 ×10 26 

m 

∗
n / m 

∗
e 0.37 0.466 0.52 0.53 

m 

∗
p / m 

∗
e 0.407 0.512 0.572 0.583 

r 1.5 1.5 1.5 1.5 
ρ (kg/m 

3 ) [41] 2.624 ×10 3 2.624 ×10 3 2.624 ×10 3 2.624 ×10 3 

c̄ (m/s) [42] 4.53 ×10 3 4.53 ×10 3 4.53 ×10 3 4.53 ×10 3 

E D (eV) [41] 8.513 8.513 8.513 8.513 
A (K 

−0. 1 ) 1.2 1.55 1.7 1.6 
a lat ( ̊A) [41] 6.51 6.51 6.51 6.51 
ς 0.1 0.1 0.1 0.1 
F bp (Wm 

−1 K 

−2 ) 0.001 ×10 −4 0.2 ×10 −4 0.002 ×10 −4 0.008 ×10 −4 

q D ( ̊A 

−1 ) [42] 0.95 0.95 0.95 0.95 
L (mm) 10.0 10.0 10.0 10.0 
� ( ̊A 

3 ) [43] 68.97 68.97 68.97 68.97 
�md 1.02 0.093 0.072 0.067 
E df (eV) 0.17 0.085 0.085 0.085 
γ [44] 1.4 1.4 1.4 1.4 
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Fig. 2. Electronic band structures of (a) Mg 2 Si, (b) Mg 2 Si 0.55 Sn 0.4 Ge 0.05 and 
(c) Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 . The Fermi level is set to zero. 

b  

h  

2  

S  

o  

t  

s  

F  

w  

a  
o Mg 2 Si 0.55 Sn 0.4 Ge 0.05 solid solution the band topology is
nchanged in Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 solid solution. In ad-
ition to that, as Bi has extra electrons it leads to an increase
n the carrier concentration and pushes the extra electrons to
ome conduction bands causing a shift in the Fermi energy.
hereby, Bi doping makes the Mg 2 Si 0.55 Sn 0.4 Ge 0.05 solid so-

ution a degenerate semiconductor. From this result, it can
e easily expected that Bi doping should cause a clear incre-
ent in the electrical conductivity due to the rising number

f carrier concentrations. 
Fig. 3 (a) displays the theoretical calculations of temper-

ture varied Fermi level for Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid
olutions at 300 K � T � 850 K. From our theoretical cal-
ulations it is found that our samples show only the extrin-
ic behaviour throughout the temperature range and they do
ot show the critical extrinsic-to-intrinsic turnover behaviour.
his can be also easily verified from the experimental work of
han et al. [15] from their Seebeck coefficient - T results. Ad-
itionally, as the Bi doping level increases E F becomes larger
ue to increased concentration of donor impurity atoms, elec-
ron effective masses and donor energy levels ( E d ), as listed
n Table 2 . Fig. 3 (b) shows the Seebeck coefficient ( S ) as
 function of temperature for Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid
olutions along with their experimental values from Ref. [15] .
or all Bi doped solid solutions | S | increases nearly linearly
ith temperature as expected from the theoretical calculations
f E F - T we again do not observe any extrinsic-intrinsic
urnover behaviour since they show only extrinsic behaviour
n the studied temperature range. Moreover, the negative signs
f S for all Bi doped samples confirm their n-type conduction
ith explaining that electrons are the main carriers of the elec-

ricity. Our theoretical computations suggest that the reason of
aving lower values of | S | with increasing Bi doping level is
ecause of increasing electron effective mass. Therefore, the
ighest S is attained for z = 0.02 sample with the value of -
11.0 μV/K at 850 K. Khan et al. also reported the maximum
 as -216.86 μV/K at 804 K for the same sample [15] . The-
retical curves of electrical conductivity ( σ ) against tempera-
ure are plotted in Fig. 3 (c) for Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid
olutions including their experimental curves for comparison.
or all type samples, σ decreases with increasing temperature
hich indicates that all samples show metallic like behaviour

nd their largest value obtained at room temperature. Khan
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Fig. 3. Electrical transport properties of Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z series 
( z = 0.02, 0.025, 0.03, and 0.035) as a function of temperature. (a) Fermi 
level, (b) Seebeck coefficient, and (c) electrical conductivity. Theoretical anal- 
ysis are represented with the solid lines and experimental data are shown as 
symbols read from Ref. [15] . 

 

 

 

 

 

Fig. 4. Carrier thermal conductivity of Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z series ( z = 

0.02, 0.025, 0.03, and 0.035) as a function of temperature. The inset ex- 
hibits the temperature variation of the Lorenz number for Bi doping levels 
of quaternary series. 
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et al. reported that the z = 0.03 sample has higher electrical
conductivity values for entire temperature range among other
samples [15] . Therefore, to explain their results accurately we
use the largest A parameter for z = 0.03 sample as given in Ta-
ble 2 . Our theoretical result for the largest value of σ is in a
ery good agreement with the work of Khan et al. [15] . While
e found the ( σ max ) as for z = 0.03 sample with the value of
781.36 S/cm at room temperature Khan et al. reported the
alue of 1747.84 S/cm at 312 K for the same sample [15] .
hen examining the electrical transport properties of S and σ

in the view of both theoretically and experimentally it is seen
hat as the temperature increases while | S | tends to raise the

tends to decrease. This trend corresponds that all studied
amples show highly doped semiconductor’s behaviour. 

Fig. 4 exhibits the carrier thermal conductivity ( κc ) of
g 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid solutions as a function of tem-

erature. By taking into account of the Wiedemann Franz rule
nd the previous σ − T dependence as it can be clearly an-
icipated we found that z = 0.03 sample has higher κc values
hroughout the temperature range among other samples. The
argest value of κc is calculated as 1.335 W/m.K at 650 K.
n addition to that, the calculation of the temperature depen-
ent Lorenz number ( L ) is inserted as an inset in Fig. 4 . We
ound that L shows a clear trend of increment as a func-
ion of temperature for all Bi doping levels. The highest L is
ained for z = 0.025 sample as 1.9 ×10 

−6 �WK 

−2 at 850 K
hich is significantly larger than its Sommerfeld value of
.44 ×10 

−8 �WK 

−2 . 
Fig. 5 (a) illustrates the sum of bipolar and lattice contri-

ution - temperature variation for Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z 
olid solutions. First of all, it is clearly seen that our theoret-
cal κbp + κph - T findings are in a fairly good agreement with
he work of Khan et al. [15] . We want to primarily notice
hat for all Bi doping levels the bipolar contribution on ther-

al conduction starts to exhibit its visible effect nearly above
00 K and leads a very slight increment in κbp + κph . Among
ll samples, from experimental findings it was reported that
he z = 0.025 sample has slightly sharper increase in κbp + κph 

bove 700 K. This can be explained by using the highest F bp 

arameter in our computations for z = 0.025 sample as can be
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Fig. 5. (a) The combination of bipolar and lattice contribution on thermal 
conductivity changes with temperature for Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z series 
( z = 0.02, 0.025, 0.03, and 0.035). Theoretical analysis are represented with 
the solid lines and experimental data are shown as symbols read from Ref. 
[15] . (b) The influence of different scattering processes on lattice thermal 
conduction for Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 solid solution at different temper- 
atures. 
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een in Table 2 . To obtain more detailed information about
he temperature dependent phonon thermal conductivity the
ffect of different phonon scattering mechanisms on κph is
isplayed for only z = 0.02 sample in Fig. 5 (b). We found that
oundary scattering plays a major role on κph below 100 K
herefore its visible effect can not be seen in studied tem-
erature range. Additionally, contributions from anharmonic 
nd acoustic deformation potential scattering processes play
 substantial role temperatures from 300 K to 850 K. How-
ver, more importantly, the mass defect scattering mechanism
resents a dominant contribution for κph among all other scat-
ering processes. Now, we can go back to Fig. 5 (a) and re-
ort that while the Bi doping level increases the value of
bp + κph becomes larger which can be explained with in-
reasing mass defect parameter �md . Furthermore, the small-
st value of κbp + κph is attained both theoretically and experi-
entally for z = 0.02 sample throughout the temperature range
ith the help of its larger mass defect scattering mechanism.
hile Khan et al. obtained the (κbp + κph ) min as 1.01 W/m.K
t 755 K [15] we found (κbp + κph ) min as 0.99 W/m.K at 850
. Binary undoped Mg 2 Si has very large phonon thermal con-
uctivity ( 11 W m 

−1 K 

−1 ) at room temperature [36] . This
alue was decreased to 1.9 W m 

−1 K 

−1 at 300 K by using
g 2 Si 0.55 Sn 0.4 Ge 0.05 solid solution by Vlachos et al. [37] due

o the incorporation of mass fluctuation via Si/Sn/Ge substitu-
ion. To achieve further decrease in phonon thermal conduc-
ivity the way of doping is tried for these quaternary systems
ince introducing additional atoms in lattice leads a signifi-
ant increment of complexity in the systems’ structure. For an
ffective n-type doping Bi is the best choice for Mg 2 (SiGeSn)
ystems because Bi atom has heavier atomic weight than other
ossible atoms ( i.e. As or Sb) which leads to stronger phonon
catterings with larger mass fluctuations [38] . Therefore, at
oom temperature, while the value of κbp + κph is 1.9 W m 

−1 

 

−1 for Mg 2 Si 0.55 Sn 0.4 Ge 0.05 system [37] it is decreased to
.83 W m 

−1 K 

−1 for our Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 sample.
his reduction in κbp + κph becomes even more clear in higher

emperatures; at 800 K, while the value is 2.1 W m 

−1 K 

−1 for
g 2 Si 0.55 Sn 0.4 Ge 0.05 system, our Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 

ample has the value of 0.99 W m 

−1 K 

−1 . Moreover, per-
entage contribution from different polarisations of κph is
alculated for Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 solid solution. It is
ound that for throughout the temperature range heat is dom-
nantly carried by transverse phonons and at room temperature
he percentages are nearly 75.87% for transverse branch and
4.13% for longitudinal branch. Increasing temperature does
ot change this trend significantly. 

The frequency variation of κph carried by longitudinal and
ransverse branches for z = 0.02 sample is displayed in Fig. 6
t several different temperatures. In Fig. 6 (a) where only the
ongitudinal branch is included the κph - frequency spectrum
eaks at ω D 

/5 at room temperature and ω D 

/3.3 at 850 K
where ω D 

is the Debye frequency which is 43.04 THz for
g 2 Si 0.55 Sn 0.4 Ge 0.05 alloy). Also, as the temperature increases

he phonon-frequency spectrum forms wider and the peak
lightly shifts to higher frequency which can be verified by
ominant phonon approximation. In Fig. 6 (b), the frequency
ependence of κph in which heat is considered to be carried
nly by transverse branch is presented for z = 0.02 sample. The
pectrum peaks at higher temperatures compared to previous
alculation done for longitudinal branch. The κph - frequency
pectrum shows a peak at ω D 

/3.07 for room temperature and
t ω D 

/2.22 for 850 K. Moreover, as observed in longitudinal
honons-frequency spectrum, the spectrum carried by trans-
erse phonons forms broader with temperature. 

Fig. 7 displays the total thermal conductivity κ total 

f Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid solutions as a func-
ion of temperature. Increasing Bi doping level in

g 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z quaternary alloys leads simultane-
us increase in κ total . We notice that the z = 0.02 sample has
he lowest κ total value throughout the temperature range with
he help of its reasonably smaller κbp + κph value throughout
he temperature range among other samples together with its
ery low κc value. The minimum value is theoretically at-
ained as 2.05 W/m.K at 850 K whereas it was measured as
.03 W/m.K at 803 K by Khan et al. [15] . 
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Fig. 6. Phonon thermal conductivity as a function of phonon frequency for Mg 2 Si 0.53 Sn 0.4 Ge 0.05 Bi 0.02 solid solution. (a) Only the longitudinal branch is 
included and (b) only the transverse branch is included. The Debye frequency is taken as ω D = 43.04 THz. 
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Fig. 7. Total thermal conductivity of Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z series ( z = 

0.02, 0.025, 0.03, and 0.035) as a function of temperature. Theoretical anal- 
ysis are represented with the solid lines and experimental data are shown as 
symbols read from Ref. [15] . 
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Fig. 8. Dimensionless thermoelectric figure of merit of ZT of 
Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z series ( z = 0.02, 0.025, 0.03, and 0.035) 
as a function of temperature. Theoretical analysis are represented with the 
solid lines and experimental data are shown as symbols read from Ref. [15] . 
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In Fig. 8 , we display how the dimensionless figure of merit
( ZT ) of Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z series varies with tempera-
ture including their related experimental values. Interestingly,
while the z = 0.02 sample has lower electrical conductivity for
entire temperature range it presents the largest ZT which is
owing to its significantly larger | S | value and its smaller κ total 

value. The maximum ZT value for this level of Bi doped solid
solution is calculated to be 1.14 at 850 K whereas in the work
of Khan et al. [15] they measured its value as 1.4 at 805 K. 

4. Conclusions 

In this work, we reported thermoelectric trans-
port behaviours changes with temperature for n-type
Mg 2 Si 0. 55 −z Sn 0.4 Ge 0.05 Bi z solid solutions with the dop-
ing levels of z = 0.02, 0.025, 0.03, and 0.035. We can list our
theoretical outcomes as; 
- Samples with all different Bi doping levels display ex-
trinsic behaviour entire temperature range. 

- Increasing the Bi doping level causes a clear reduction
in the Seebeck coefficient owing to raising electron ef-
fective mass. 

- The highest S is attained for z = 0.02 sample with the
value of −211.0 μV/K at 850 K. 

- The maximum σ is found for z = 0.03 sample as
1781.36 S/cm. 

- The minimum κ total is found for z = 0.02 sample due to
its smaller κbp + κph value. 

- The maximum ZT is attained for z = 0.02 doping level
as 1.14 at 850 K because of its higher S and lower
κbp + κph values. 

To summarize, being different from previous works, our Bi
oped Mg 2 (Si,Sn,Ge) quaternary systems are studied in detail
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heoretically by including their temperature dependent Fermi
evel to understand their extrinsic semiconductor behaviour
nd their thermal conductivity contributions from electron-
ole pairs and phonons including all required phonon scatter-
ng mechanisms rigorously. Having higher dimensionless ther-

oelectric figure of merits for our quaternary Mg 2 (Si,Sn,Ge)
olid solution series is mainly due to the effect of additional
toms which cause a reduction in phonon thermal conduc-
ivity. Moreover, Bi atom seems to be more efficient dopant
han Sb atom for n-type Mg 2 (Si,Sn,Ge) series to have better
hermoelectric efficiencies. 
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