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Abstract. We present an extensive density functional theory (DFT) based investigation of
the electronic structures of ABC–stacked N–layer graphene. It is found that for such systems
the dispersion relations of the highest valence and the lowest conduction bands near the K point
in the Brillouin zone are characterised by a mixture of cubic, parabolic, and linear behaviours.
When the number of graphene layers is increased to more than three, the separation between the
valence and conduction bands decreases up until they touch each other. For five and six layer
samples these bands show flat behaviour close to the K point. We note that all states in the
vicinity of the Fermi energy are surface states originated from the top and/or bottom surface of
all the systems considered. For the trilayer system, N=3, pronounced trigonal warping of the
bands slightly above the Fermi level is directly obtained from DFT calculations.

1. Introduction

Graphene has become one of the most investigated systems due to its remarkable electronic,
mechanical and thermal properties [1, 2]. Experiments reveal that the single layer graphene and
stacks of graphene layers can be used in the design of new electronic devices [3, 4, 5]. In addition
to the fascinating development in research on properties of graphene and bilayer graphene, few-
layer graphene (FLG) has also gained recent attention [6, 7, 8, 9]. The ability of creating stacks
of the individual graphene sheets in FLG provides an extra degree of freedom on electronic
properties [10, 11, 12, 13]. It has been predicted and suggested that different stacking orders,
with distinct lattice symmetries, have a forceful effect on the band structure and electronic
properties of FLG [14, 15]. Experimentally, the strong influence of stacking order on the low–
energy electronic structure of FLG was recently demonstrated by infrared (IR) spectroscopy [10].
The band structures of graphene from one to four layers were also measured using angle–resolved
photoemission spectroscopy [16].

Although the FLG and graphite are mostly Bernal–stacked (AB), trilayer graphene has
two different stacking orders: ABA (Bernal) and ABC (rhombohedral). These stackings for
trilayer graphene are expected to be metal–like [17] and predicted as two stable configurations
in Refs. [9, 11, 18]. Even though there are small cohesive energy differences between these
two types of trilayer graphene, recent studies indicate that they exhibit very different electronic
properties [11, 12, 19]. A recent study of the electronic structure of the ABA– and ABC–stacked
multilayer graphene was reported by using tight–binding approach and density functional theory
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[11, 20, 21, 22, 23]. The work in Ref. [22] shows that the type of interlayer coupling present
in ABC–stacked multilayer with N layers graphene gives rise to trigonal warping of the energy
bands near the Fermi surface that is both qualitatively and quantitatively different from that in
bilayer graphene.

In the present work, we investigate the band structure of ABC–stacked N–layer graphene
by employing the plane wave pseudopotential method within the density functional scheme.
The orbital natures of the highest occupied molecular orbital (HOMO) and lowest unoccupied
molecular orbital (LUMO) states are investigated using partial charge density plots. We note
that these states are characterised as surface states which form flat bands around the Fermi level,
with an increasing the k space near the K point with the number of layers N . Our calculations
indicate that the dispersion curve of the highest valence and lowest conduction bands for the
ABC–stacked N -layer graphene are a mixture of cubic, quadratic, and linear behaviours. The
nature of the trigonal warping of energy bands slightly above the Fermi level is examined for
different layer thicknesses. This is achieved through an examination of the orbital origins of the
highest occupied and lowest unoccupied bands at the Dirac (K) point. The trigonal warping
effect of the energy bands near the Fermi level is also discussed using the constant electron
energy countour plots.

2. Computational Method

Our total-energy and electronic-structure calculations were performed in the framework of the
first-principles plane wave pseudopotential method within the local density approximation of
the density functional theory (LDA-DFT). The ABC–stacked trilayer and multilayer graphene
were modelled by using a repeated slab geometry. To avoid interaction between neighbouring
slabs along the normal direction, a 15 Å vacuum region was used to separate them after several
converge tests. The interlayer separation was found to be 3.33 Å with our theoretical lattice
constant of 2.46 Å. The Perdew-Zunger exchange correlation scheme [24] was employed for
electron-electron interaction. Norm-conserving [25] and fully separable [26] pseudopotentials for
C were used to treat electron-ion interaction. Single-particle Kohn-Sham orbitals were expanded
by using a plane-wave basis set with a kinetic energy cutoff of 40 Ryd. Self-consistent solutions
of the Kohn-Sham equations were obtained by employing a 36×36×2 k-points Monkhorst-Pack
set [27] within the supercell Brillouin zone. Relaxed atomic positions were obtained by using
the total energy and force minimisation methods. Details of the theoretical method employed
in our work can be found in Refs. [28, 29].

3. Results

Before presenting results, we briefly discuss the appropriateness of the LDA-DFT method
employed in our investigation. It has widely been mentioned that electron-electron interactions in
graphene and graphite should be described by a combination of van der Waals (vdW) and density
functional schemes. Indeed, there are some recent proposals to calculate vdW interactions within
the DFT approach [30, 31, 32, 33, 34]. However, systematic improvement of results from the
vdW-DFT theory has not yet been evidenced for all systems. For example, agreement between
theory and experiment for interlayer spacing in graphite is less favourable from the vdW-DFT
theory than from the LDA-DFT theory [35]. It has been concluded that for systems that
LDA finds to be weakly bonded, the binding energies obtained with the vdW-DFT and LDA-
DFT methods are very similar [36]. We thus expect that the LDA-DFT scheme will produce
reasonably acceptable results for our system of the ABC–stacked N–layer graphene.

We first start with the ABC–stacked trilayer graphene (the N = 3 trilayer case). There are
six basis carbon atoms in its unit cell, with two basis carbon atoms in each layer. As illustrated
in Fig. 1, while the bottom and middle layers of the ABC-stacked trilayer graphene are arranged
in Bernal (AB), the basis C31 in the top layer lies exactly above the basis C22 in the middle
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layer and the second basis C32 on the top layer is at the centre of the hexagon formed by the
carbon atoms in the bottom layer. The interlayer separation is found to be 3.33 Å by using our
theoretical lattice constant of 2.46 Å after several total energy calculations. This result is in
good agreement with experimentally measured interlayer distance of graphite [37].

Figure 1. (a) Atomic structure of ABC–stacked trilayer graphene containing six basis carbon
atoms in the primitive unit cell. (b) Schematic of the unit cell of ABC–stacked trilayer graphene.

The electronic band structure was examined close to the Dirac point (the K point in the
Brillouin zone) for wavevectors lying in graphene plane. As represented in Fig. 2, along kx two
bands lying close to the Fermi energy cross each other, thus indicating metallic behaviour of the
system. These bands, however, do not cross each other for −kx values, indicating semiconducting

Figure 2. Band structure of the ABC–stacked trilayer graphene close to K point (a) along kx
(the KM direction), (b) along −kx (the KΓ direction). The Fermi level is set to zero energy.
The hexagonal Brillouin zone is also shown as an inset.

behaviour along the K− Γ direction. A similar behaviour of these bands are also found in the
work of Latil and Henrard [11]. A polynomial fit of the part of the curve in Fig. 3 (a) shows a
mixture of linear, quadratic and cubic terms:

E = a0 + a1kx + a2k
2

x
+ a3k

3

x
, (1)
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where kx is expressed in nm−1, E in eV, and a0=-0.004 eV, a1=0.0027 eV nm, a2=0.91 eV nm2,
a3=4.524 eV nm2.

We calculated the constant energy contours using a 50×50 mesh around the K point, which
results in consideration of 2500 k-points. For the ABC–stacked trilayer graphene energy contour
plots up to the energy values 0.85 eV above and 0.72 eV below the Fermi level and close to the
K point are shown in Fig. 3 (b) and (c). In the Fig. 3 (b), the lowest energy contours appear
to be located at 0.26 nm−1 from the K point and 45 meV above the Fermi level. These energy
contour plots clearly indicate prominent trigonal warping – stretching of equienergy lines along
directions at 120◦ from each other.

Figure 3. (a) Band structure of ABC–stacked N = 3 layer graphene close to K point with
the energy zero set at the Fermi level. The electronic energy contour plots for (b) the lowest
conduction band up to 0.85 eV above the Fermi level and (c) the highest valence up to 0.72 eV
below the Fermi level. The minumum and maximum energies in the contour plots are shown as
the lighest and darkest colours, respectively. Electronic charge density contour plots at the K

point are also given for (d) the lowest conduction band and (e) the highest valance band.

We now model ABC–stacked multilayer graphene. In particular, we consider the N–layer
stacking sequences ABCA, ABCAB, and ABCABC with N = 4, N = 5 and N = 6, respectively.
For the N = 4 multilayer the top layer graphene sheet is exactly above the bottom layer of the
ABC–stacked trilayer. In general, for N > 3 the top layer graphene sheet lies exactly above the
(N − 3)rd layer(s).

The innermost pair of bands for N = 4 are shown in Fig. 4 (a). The two bands are degenerate
at the K point at which the Fermi level lies. These bands split by a maximum of 2.5 meV slightly
away from K along kx and then cross each other at a slightly larger value of the wavevector.
This result is also in good agreement with the work in Ref. [11]. The pronounced trigonal
warping seen for N = 3 system has been reduced for the N = 4 case. Figure 4 (b) and (c) show
the energy contour plots up to 0.80 eV above and 0.65 eV below the Fermi level.

As shown in Fig. 5 (a), when the graphene thickness is increased to N = 5 layers, the
innermost pair of bands become quite flat around the Fermi level very close to the K point.
With the increase in the wavevector along kx, these bands cross each other twice in the close
vicinity of theK point. Between the two crossings there is a maximum splitting of approximately
10 meV between these bands. The amount of this splitting is larger than that for the N = 3
and N = 4 cases. The energy contour plots in 5 (b) and (c) reveal that the trigonal warping
present for N=3 is almost lost for the N=5 system.
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Figure 4. (a) Band structure of ABC–stacked N = 4 layer graphene close to K point with the
energy zero set at the Fermi level. Energy contour plots for (b) low conduction bands up to
0.80 eV above the Fermi level, and (c) high valence bands up to 0.65 eV below the Fermi level.
The minumum and maximum energies in the contour plots are shown as the lighest and darkest
colours, respectively. Partial charge density plots at the K point also given for (d) the lowest
conduction band and (e) the highest valence band.

Figure 5. (a) Band structure of ABC–stacked N = 5 layer graphene close to K point with
the energy zero set at the Fermi level. Energy contour plots for (b) low conduction bands up
to 0.86 eV above the Fermi level and (c) high valence bands up to 0.61 eV below the Fermi
level. The minumum and maximum energies in the contour plots are shown as the lighest and
darkest colours, respectively. Partial charge density plots at the K point are also given for (d)
the lowest conduction band and (e) the highest valence band.

The electronic band structure of the ABC–stacked 6–layer graphene is presented in Fig. 6
(a). There is a small amount of separation between the two bands around the Fermi level at the
K point. These bands become degenerate slightly away from K point and remain so for some
distance along kx, in contrast with the N = 3, 4, 5 cases. The trigonal warping is found to be
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quite weak for this system, as seen in Fig. 6 (b) and (c).
In order to examine the origin of the HOMO and LUMO energy states at the K point, we

made partial charge density plots in a vertical plane for ABC–stacked N–layer graphene. It is
found that for N=3 and N=6 both HOMO and LUMO states are derived from the appropriate
combinations of the pz orbitals on the first basis atom (C11) on the bottommost layer and the
second basis atom (C32 or C62) on the topmost layer. In contrast, for N=4 and N=5, both
HOMO and LUMO have maximum contribution from the pz orbital of only one basis atom,
either on the bottommost or the uppermost layer. The largest contribution for HOMO comes
from C11 for N=4 and from C52 for N=5. The largest contribution for LUMO comes from C42

for N=4 and from C11 for N=5. These features can be seen in the contour plots presented in
the Figs. 3-6 (d) and (e).

Figure 6. (a) Band structure of ABC–stacked N = 6 layer graphene close to K point with
the energy zero set at the Fermi level. Energy contour plots for (b) low conduction bands up
to 0.83 eV above the Fermi level and (c) high valence bands up to 0.61 eV below the Fermi
level. The minumum and maximum energies in the contour plots are shown as the lighest and
darkest colours, respectively. Partial charge density plots at the K point are also given for (d)
the lowest conduction band and (e) the highest valence band.

We have noted that the HOMO and LUMO states for the ABC–stacked N–layer graphene
systems studied here are surface states which form flat bands around the Fermi level. In fact
any size of few–layer graphene system, thicker than the bi–layer graphene, can be viewed as a
thin slab. Our analysis clearly suggests that the HOMO and LUMO states of the ABC–stacked
N–layer graphene systems originate from the top and/or bottom surface of the slab. The surface
feature extracted in our work has gone un-noticed in previous investigations of such systems.

4. Summary

In summary, we have studied the ABC–stacked N–layer graphene by using the density functional
theory within the local approximation and the plane wave pseudopotential method. The
dispersion of π/π∗ bands close to Dirac point is established to show a mixture of cubic, quadratic,
and linear behaviours for the ABC–stacked trilayer graphene. Equienergy contour plots clearly
indicate prominent trigonal warping in the ABC–stacked system– stretching of equienergy lines
along directions at 120◦ from each other. ABC–stacked systems with layer numbers N > 3 are
characterised with much reduced level of trigonal warping. Our first-principles results for the
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warping of equienergy contours have good agreement with the tight-binding results [22]. From
an analysis of partial charge density plots, we have established that the highest occupied state
and the lowest unoccupied state at the K point originate from the pz orbitals of carbon atoms in
the bottom and uppermost layers of the N=3 and N=6 systems, but only from one of the layers
for the N=4 and N=5 systems. Thus the HOMO and LUMO states of the N–layer graphene
systems can be regarded as surface states.
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