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ABSTRACT

This paper investigates the Leonardo Cartan numbers, defined as an extension of the classical Leonardo sequence through

additional algebraic structures. The recurrence relations of these numbers are established, and various summation formulas are

derived. Furthermore, key mathematical identities, including Catalan’s and Cassini’s identities, are obtained within the framework

of Leonardo Cartan numbers. The relationships among Fibonacci, Lucas, and Leonardo sequences are also explored, thereby

highlighting their interconnections. By employing Binet’s formula, several fundamental properties of Leonardo Cartan numbers

are confirmed, contributing to a deeper understanding of their algebraic structure.

1 | Introduction

The pursuit of new algebraic systems that unify recursive integer
sequences with multidimensional hypercomplex structures has
become one of the most stimulating topics in modern mathe-
matics. Four-dimensional algebras such as quaternions and their
split counterparts provide a natural bridge between algebra,
geometry, and mathematical physics. Beyond their classical
applications in representing rotations and Lorentzian trans-
formations, these algebras allow the embedding of well-known
recurrence sequences into richer algebraic frameworks, thereby
revealing deeper structural connections and computational
properties. In this broader context, the integration of Fibonacci-
type sequences with quaternionic or Clifford-like algebras has
emerged as a vibrant research direction.

In this regard, Flaut and collaborators have made significant
contributions. Flaut and Savin [1, 2] developed quaternionic and
Clifford algebraic representations of generalized Fibo-
nacci-Lucas sequences, offering a unified view of their algebraic
behavior. Later, Flaut, Shpakivskyi, and Vlad [3] extended these

constructions to arbitrary algebras using h(x)-Fibonacci poly-
nomials, while Flaut, Savin, and Zaharia [4] explored compu-
tational and algorithmic applications of Fibonacci and Lucas
numbers in modern applied mathematics. Parallel to these de-
velopments, Szynal-Liana and Wtoch [5, 6], Brod et al. [7], and
Costa et al. [8] introduced novel Fibonacci-type hypercomplex
systems, including hybrid, bihyperbolic, and tricomplex exten-
sions, thereby highlighting the growing interplay between re-
currence relations, generalized quaternionic structures, and
multidimensional algebraic analysis. In addition, Kizilates and
Kone [9] studied higher order Fibonacci hypercomplex numbers,
further enriching the theory of hypercomplex extensions of
classical integer sequences. Furthermore, Kizilates and Yachani
[10] investigated higher order Gaussian Fibonacci quaternions,
while Yilmaz et al. [11] introduced generalized Pauli Fibonacci
polynomial quaternions, contributing to the algebraic general-
ization of Fibonacci-type structures. Furthermore, Polatli [12]
studied hybrid numbers with Fibonacci and Lucas coefficients,
and Colak et al. [13] developed generalized Fibonacci polynomial
spinors, extending the theory to new algebraic settings. In
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a related context, Panwar [14] examined identities of bivariate
Fibonacci and Lucas polynomials, further enriching the struc-
tural diversity of Fibonacci-type sequences.

In the context of Leonardo-type sequences, Atasoy [15] in-
troduced a new polar representation for split Leonardo quater-
nions and derived several identities, demonstrating the extension
of these sequences within quaternionic algebraic frameworks.
Moreover, Beites and Catarino [16] investigated the Leonardo
quaternion sequence and established various algebraic properties
and identities, contributing to the development of quaternionic
formulations.

§={q=q1+q2i+q3j+q4k: qrER,

Let p=p;+p2i+psj+psk and q=q; + q2i + g3j + g4k be
arbitrary elements of S. Their fundamental operations are de-
fined as follows:

1. Equality: p = q if and only if p, = q, for r =1, 2,3, 4.

2. Addition and  subtraction: p £ q=(p1 = q1)+
(P2 = @i+ (ps = @3)j+(ps £ gk

3. Scalar multiplication: For any 1€ R, Ap = Ap1 + Ap,i+
Ap3j + Apsk.

The multiplication of the basis elements is shown in Table 1.

Cartan numbers are commutative and associative under addi-
tion, and associative but noncommutative under multiplication.
For q € S, its conjugate and character are defined, respectively,
as

q=q1—qi—qj—qk

_ (2
C(qQ) = q9 = q] — 95 — 2939a-

Further details on Cartan numbers and their geometric signifi-
cance can be found in [18, 19].

In the literature, integer sequences occupy a central position.
Among these, the Fibonacci and Lucas sequences are among the
most well-known and widely studied. Under the initial condi-
tions Fy = 0,F; =1 and Ly = 2, L; = 1, the Fibonacci numbers
F, and Lucas numbers L,, satisfy

Fyp=Fy1+ Fu, (3)

and

Ly=Ly1+ Ly (4)

TABLE 1 | Multiplication table of Cartan number units.

More recently, Yagmur [17] examined higher order Leonardo
hypercomplex numbers, further extending these sequences
within generalized hypercomplex algebraic settings.

Building on these developments, Oztiirk [18] introduced the
concept of Cartan numbers, a four-dimensional algebra iso-
morphic to the split quaternion algebra, combining algebraic
flexibility with geometric interpretability. The subsequent ex-
tension to dual Cartan numbers [19] enriched this framework by
connecting it with pseudo-null lines in Lorentzian geometry.
Within this setting, Cartan numbers provide a robust algebraic
framework for constructing new number sequences that preserve
associativity while facilitating novel hypercomplex identities.

The algebra of Cartan numbers, denoted by S, is defined as

=1j’=K =0jk=1+ikj=1-i} 1

whose characteristic equation is 42 —1—1 = 0. Their Binet’s
formulas are

o — ot
F,=2 -1, (%)
c—p
and
L,=0o" +Pn, (6)

where ¢ and p denote the roots of the characteristic equation.

This study focuses on investigating an alternative sequence that
exhibits similarities to the Fibonacci sequence, known as the
Leonardo sequence, denoted by Le,. Initial studies on Leonardo
numbers were conducted by Catarino and Borges [20, 21], where
their fundamental properties were established. The Leonardo
sequence follows a recurrence relation similar to that of the
Fibonacci sequence but includes an additional constant term,
which leads to a distinct growth behavior:

Le,=Le,1+Le,>+1, n>2 Leg=Le =1 (7

A related relation between consecutive terms is
Leyyq = 2Le, — Le,_s, (®)
whose characteristic equation is

PB-22+1=0. 9)

Binet’s formula for the Leonardo sequence is

20_n+1 _ an+1

Le,= —————1, (10)
c—p
where ¢ = (1 + \/g)/Z and p=(1— \/E)/z. It follows that
Ley, =2Fy1 —1, 1n)

where F,, is the n th Fibonacci number.

Catarino and Borges, using this identity, derived the generating
function of Leonardo numbers and established the Cassini,
Catalan, and d’Ocagne identities [20]. Shannon [22] defined
generalized Leonardo numbers as an extension of Asveld’s and
Horadam’s sequences. Vieira et al. [23] analyzed the two-

i j k
i 1 j -k
j —j 0 1+i
k k 1—-i 0
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dimensional recurrence relations of Leonardo numbers. In-
complete Leonardo numbers were defined in [21]. Alp and Koger
[24, 25] introduced the matrix representation of Leonardo
numbers and proposed hybrid Leonardo numbers, examining
their algebraic properties. In addition, Soykan [26] investigated
generalized Leonardo numbers, while Gokbas [27] introduced
k-Leonardo numbers, providing further extensions of the clas-
sical recurrence structure. Moreover, Digkaya et al. [28] exam-
ined hyperbolic Leonardo and hyperbolic Francois quaternions,
highlighting the interaction between Leonardo-type sequences
and hypercomplex algebraic systems.

Fibonacci, Lucas, and Leonardo numbers satisfy various math-
ematical identities, such as

Fy+ Ly = 2Fpy1, (12)

Lyyz + Ly = 5Fp41, (13)

Lpsn — (=1)"Lyy—pn = 5F,Fy, (14)
Fpin + (=1)'F,_, = F,,L,, (15)
Lo = 5F2 +2(-1)F, (16)

Leyym + (=1)"Leyp_p = Lp(Le, +1) — 1 — (=17, 17)

Lepym — (_l)mLen—m = Lp1 (Lem—l + 1) -1+ (_l)m: (18)
4 1 1
Zl(—l)s_ Fo = ()7 F, 19)
5=

Frys — (_I)SF —s = FsLy. (20)

For further properties of Fibonacci and Lucas numbers, see
[20, 24, 29, 30].

Despite the increasing number of studies on hypercomplex ex-
tensions of Fibonacci-type sequences, there is no systematic
framework that incorporates Leonardo numbers into the alge-
braic structure of Cartan numbers. In particular, although
quaternionic and hypercomplex formulations of Leonardo-type
sequences have been investigated, their integration within
Cartan algebra, which is isomorphic to the split quaternion al-
gebra, has not been addressed in the existing literature.

It is worth noting that hypercomplex extensions of recurrence
sequences have been considered in various algebraic settings.
However, the aim of the present work is not to reproduce such
constructions in another algebraic system but to provide a sys-
tematic development within the Cartan algebra.

In particular, the relation CLe, = 2CF,+; — I serves as a central
structural link connecting Leonardo Cartan numbers to Fibo-
nacci Cartan numbers. This allows the theory to be organized
around a single underlying principle, rather than a collection of
independent identities.

In order to address this gap, the present study aims to develop
a new algebraic framework by introducing Leonardo Cartan
numbers. The main contributions of this paper can be sum-
marized as follows: (i) the definition of Leonardo Cartan num-
bers within the Cartan algebra structure, (ii) the derivation of

Binet-type formulas and generating functions, and (iii) the ex-
tension of classical identities such as Catalan and Cassini
identities to this new setting.

Building on these foundations, this paper introduces the
concept of Leonardo Cartan numbers, a novel hypercomplex
extension that integrates the recurrence properties of Leo-
nardo numbers within the algebraic framework of Cartan
numbers. This construction unifies the structures of Fibo-
nacci, Lucas, and Leonardo sequences under the Cartan al-
gebra, leading to new formulations of generating functions,
Binet-type expressions, and classical identities such as the
Catalan and Cassini identities.

The remainder of the paper is organized as follows. Section 2
introduces the Leonardo Cartan numbers and presents their
fundamental properties. Section 3 provides concluding remarks.

2 | Leonardo Cartan Numbers

In this section, the formal definition of Leonardo Cartan num-
bers is presented. Based on this definition, several fundamental
mathematical expressions are established, including the gener-
ating function, Binet’s formula, summation formulas, and key
identities such as the Catalan and Cassini identities, as well as
additional related properties.

Several results presented in this section follow a similar struc-
tural pattern and are included for completeness. Many of these
can also be interpreted as direct consequences of the main
identities.

Definition 1. For any integer n > 0, Leonardo Cartan number
{CLe;}2, is defined as

CLe, = Le, + Ley11i + Lepyoj + Lepysk, (21)

where Le, is the n-th Leonardo number.

For clarity, Leonardo Cartan numbers are denoted by CLe,
throughout the paper, in order to distinguish them from Fibo-
nacci Cartan numbers CF,, and Lucas Cartan numbers CL,,. The
first few Leonardo Cartan numbers are given as follows:

CLey =1+1i+3j+ 5k,
CLe; =1+ 3i+ 55+ 9k,
CLe; = 3 + 5i + 9j + 15k,
CLes = 5+ 9i + 15j + 25k.

(22)

Using the recurrence relations presented in Equations (7) and
(21), the following expression is obtained:

CLe, = Le, + Lep1i + Leyyoj + Lepisk
= (Ley—1 + Ley—> + 1) + (Ley + Ley,— + 1)1
+ (Lept1 + Ley, + 1)j + (Lepyz + Lepyr + 1k
= CLe,—1 + CLey—, + 1,

(23)

where n>2and I =1+1i+j+k. It is important to note that
from this point forward, the expression 1+i+j+k will
consistently be represented as I throughout the paper. From
the recurrence relations for the Leonardo numbers, as de-
fined by Equations (8) and (21), the following solution is
obtained:
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CLeyy1 = Leyy1 + Lepyoi + Leyysj + Leprak
= (2Le, — Ley—2) + (2Leny1 — Ley—1)i
+ (2Lep4> — Ley)j + (2Lepys — Lepi1)k
= 2CLe, — CLe,,_,,

(24)

for n > 2. Consequently, the following additional recurrence
relation for Leonardo Cartan numbers is obtained:

CLey+1 = 2CLe, — CLe,_,, forn>2. (25)

Theorem 1. The generating function for the Leonardo Cartan
numbers {CLe;};2, is

fx) = iCLeixi
P
l (26)
_CLey+(-1+i—-j—Kx+(1—i—j—3kx’

1—2x+x°

Proof 1. Since the generating function for the sequence {CLe;}2,,
is represented by the formal power series

f(x) = Z CLeixi, (27)
i=0
it follows that
f(x) = CLey + CLeyx + CLepX* + -+ + CLeyx" + -+ (28)
Thus,
2xf(x) = 2CLegx + 2CLeyx* 4 -+ + 2CLe, X" + -, 00
29
X3f(x) = CLegx® + CLe;x* + -+ + CLe,x™ + ..
It follows from the above equations that
(1= 2x +x°)f(x) = CLeo + (CLer — 2CLeo)x
+ (CLey — 2CLey ) + -+
+ (CLep+1 — 2CLey, + C'Len_z)x""'1 4.
(30)

From the recurrence relation CLe,,; = 2CLe, — CLe,_,, it fol-
lows that

CLeg + (-1 +i—j—Kk)x+ (1 —i—j— 3k}

1—2x+4x° 1)

fo) =

So the proof is completed. O

Let us formulate the equation that establishes a relationship
between the Leonardo Cartan numbers and the Fibonacci Cartan
numbers introduced by O ztiirk and Cakir [31].

Theorem 2. For any nonnegative integer n, the following re-
lation holds

CLey = 2CFpy1 — 1, (32)

where CF, denotes the n-th Fibonacci Cartan number.

Proof 2. From Equation (11) and the recurrence relations of
Fibonacci Cartan and Leonardo Cartan numbers, it follows that

CLe, = Le, + Leyy1i + Leptaj + Lenisk
= (2Fp41 — 1) + (2Fp42 — Di + (2F 43 — 1)j
+ (2F 44 — Dk
= 2(Fpi1 + Fuii + Fupaj + Fuak) — (1 +i+j + k)

= 2CF,41 — L.
(33)
O

Substituting (12) into (32) yields the following expression:
CLe, = CF, + CL, — 1, (34)

where CF, denotes the n-th Fibonacci Cartan number, and CL,
represents the n-th Lucas Cartan number, as stated in [31].

Next, the Binet’s formula for Leonardo Cartan numbers is given.

Theorem 3. For any nonnegative integer n, the Binet’s formula
for the Leonardo Cartan numbers CLe, is given by
26 n+l _ 29, n+1
Cle, = 22— |, (35)
c—p
where ¢ and p represent the roots of the characteristic equation (9),
defined asc=1+oci+c*j+c’k and p =1+ pi+ p% + p’k

Proof 3. The Binet’s formula for Fibonacci Cartan numbers is
known to be

° 0n+1 _ntl
CFupn = 0 (36)
c—p
where CF,, denotes the n-th Fibonacci Cartan number, as defined
n [31]. The result follows directly from Equation (32), which
establishes the relation between Fibonacci Cartan and Leonardo

Cartan numbers. O

Next, some results concerning the sums of terms in the Leonardo
Cartan sequence are presented, employing known summation
formulas for Leonardo numbers.

Theorem 4. For any nonnegative integer n, the summation
formulas for the Leonardo Cartan numbers are as follows:

n
>, CLe; = CLepty — (2CF; + nl),
i=0

n
Z CLey; = CLeypq1 — (2CF() + nI), (37)

i=0

n
Z CLe2i+1 = CL€2n+2 - (2CF1 + nI)
i=0

Additionally, for n > 1, the following relations hold

n . I—2i—CLe,_, nisodd,
Z (-1)'CLe¢; = . . (38)
i=0 CLe, 1 +2(I —1i), niseven.

Proof 4. From Binet’s formula for Leonardo Cartan numbers,

the following expressions are obtained sequentially. Since this

formula is given by

2(36i+1 _ Z)\pi+1)
c—p

CLe; = I =CLF;+ CF,L; — I, (39)

the first summation identity can be derived as follows:

4 0of 9
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n n n n
Z CLe; = CL, ZFI + CF, ZLI — ZI

i=0 i=0 i=0 i=0

40
= CL](FrH_z - 1) + CF](Ln+2 - 1) - (n + 1)[ ( )
= CLeys» — (2CF;, + nl).

The second summation identity is derived as
n n n n
Y CLey = CL1 Y. Fy + CF, Y Ly — DI
i=0 i=0 i=0 i=0
(41)
= CLi(F2n41 — 1) + CF1(Lan1 + 1) — (n+ DI
= CLeyn41 — (ZCFO + nI)
Similarly, the third summation identity is derived as
n n n n
Z CLejiy1 = CL,y ZF2i+l + CF, ZL2i+1 - ZI
i=0 i=0 i=0 i=0
(42)

= CL1Faopt2 + CF1(Lany2 —2) — (n + DI
= CLe2n+2 - (2CF1 + VII).

Now, let us prove the final summation identity. If n is odd, then

n . (n—1)2 (n—1)2
Z (—1)1CL€1' = z CLezi - z CL€21+1
i=0 i=0 i=0

n—1
=CLe,,—2CF0—( 5 )I

n—1 (43)
— ClLenyy + 2CF, + (T>I
= CLe, — CLep41 + 2(CF; — CFy)
=1-2i—CLe,_,,
and if n is even,
n . n?2 (n—2)2
Z (—1)’CLei = Z CLeZi - z CLezm
i=0 i=0 i=0
n
= CLep4+, — 2CFy — 51 — CLe, + 2CF;
+ (n - 2> I (44)
2
= CLey4y1 — CLe, — I — 2CFy + 2CF;
= CLe,_ +2(I —i).
O

Among the most well-known identities associated with Fibonacci
numbers are Catalan’s and Cassini’s identities. Owing to the
intrinsic relationship between Fibonacci and Leonardo numbers,
these identities extend naturally to Leonardo numbers. Conse-
quently, the corresponding identities for Leonardo Cartan
numbers can be derived as follows.

Theorem 5 (Catalan’s Identity). For positive integers n and r,
where n > r, the following identity holds

CLefl — CLey—,CLey, = (CLey—, — CLey)I + I(CLeyi.r — CLey)
+ 41" (FA(CLy - 1)
+FLG{i-j+k)),

(45)

where F,, denotes the n-th Fibonacci number.

Proof 5. Let ¢ and p be the roots of the characteristic Equation
(9), and we define G=1+si+06%)+0c’k and
P =1+ pi+p%* + p°k. Then, the following identities hold

H=1+1-V5)i+B+V5)j+@-V5)k  (46)

pe=1+1+V5)i+B-V5)j+@+Vs)k (47

Applying Binet’s formula (35) to the left-hand side (LHS) of
Equation (45) and substituting Equations (46) and (47) into the
Binet representation yield the following identity:

LIS — (286n+1 _ Z/p\pn+1 _ I\/g)(zaan+l _ Z/p\pn+1 _ I\/§>

c—p c—p

256"+ — Zﬁpn_Hl _ I\/§ 266"+
c—p c—p

c—p

N —2,/0\,0"+r+1 _ I\/g)

2/\ n—r+1 _ 2/\ n—r+1 2/\ n+l _ 2/\ n+1
() (e

c—p c—p
il 28_6n+r+1 _ 2?)\/)n+r+1 236n+1 _ 2?)\/)11+1
c—p c—p
43ﬁgn—r+lpn+r+l 4/pv6\pn—r+lan+r+l
(c—p) (c—p)
48_'/5(_1)n+1 4%(_1);'&1
(6—p) (6 —p)

= (CLey—, — CLey)I + I(CLe,1.r — CLey)

4 4(_1)n+1<3ﬁ6_rpr +pop~'c"  2+2i+6j+8k
(6—p) 5

(48)

Here, by using the Binet representation of CLe, given in (35), the
first two bracketed terms reduce to (CLe,_,— CLe,) and
(CLey+r — CLey), respectively.

= (CLey—, — CLey)I + I(CLeyy, — CLey,)

)n+1 L2r(_1)r
5

+4(-1 1 +i+3j+4k)

(49)
.. 2+2i+6j+8k

(D) =+l -

From the identities Ly, = 5F% + 2(—1)" in (16) and F,, = F,L,,

obtained from (20) by setting s =r, the following result is

obtained:

LHS = (CLe,—, — CLey)I + I(CLeptr — CLey,)

5F2(=1) +2(=1)"(=1)
5

+4(=1)"! (1 +1i+3j+4k)

242i+6j+8k

+EL (1) ({—-j+k) - E

(50)
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Note that
CLy=2+1i+3j+4k, (51)
and hence,
CLy—1=1+i+3j+4k (52)
is used in the simplification.
= (CLey—, — CLe,)I + I(CLey+r — CLey,)

2(1 +i+3j+4k)

+4(=1)" FA(=1)"(CLy — 1) + <

2+2i+6j+8k (53)

+ FrLr(_l)r(i _j + k) - 5

= (CLey—, — CLey)I + I(CLey4r — CLey)

+4(-1)""FA(CLy — 1) + F.L,(i—j + k)|

Thus, Equation (45) is obtained. O
To illustrate the validity of Catalan’s identity given in Theorem
25, we consider the case n = 5 and r = 2.
Using the definition of Leonardo Cartan numbers, we obtain
CLes =5+ 9i + 15j + 25k,
CLes = 15 + 251 + 41j + 67k, (54)
CLe; =41 + 67i + 109j + 177k

First, we compute the LHS:
CLe% — CLesCLey. (55)

Using the multiplication rules given in Table 1, we obtain

CLe3 = 6344 + 750i + 1230j + 2010k,

56
CLe;CLe; = 6188 + 634i + 1136j + 1992k (56)
Thus,
CLe? — CLesCLe; = 156 + 116i + 94j + 18k. (57)
Now, we consider the right-hand side of Equation (45):
(CL@3 - CLES)I + I(CL€7 - CLes)
(58)

+4(=1)"(FACLy — 1) + F,L,(i — j + k).

Using F, =1, L, = 3, and CLy = 2 + i + 3j + 4K, straightforward
computation yields

156 + 116i + 94j + 18k. (59)
Since both sides coincide, the identity is verified for n = 5 and
r=2.

Setting r = 1 in Equation (45) yields the Cassini-like identity for
Leonardo Cartan numbers, stated in the following corollary.

Corollary 1 (Cassini’s Identity). For n > 1, the following
identity is satisfied:

CLe? — CLey—1CLenyy = ICLe,—y — CLeq I + 4(—=1)"(CF; — j).
(60)

Similarly, the Cassini identity can be illustrated by considering
n = 2. Using the values of CLe;, CLe,, and CLes, it follows by
direct computation that both sides of the corresponding identity
are equal, confirming the result.

Theorem 6. For any positive integers n, r, and s, the following
identity holds

CLe,+,CLeys — CLe,CLeytpys = (CLe, — CLeyiy)I
+ I(CLepyrys — CLepys)
+ 4(=1)""'F(Fy(CLy — 1)
+Ly(i—j +K)),
(61)

where F,, and L, denote the n-th Fibonacci and Lucas numbers,
respectively.

Proof 6. Applying Binet’s formula (35) to the LHS of Equation
(61) and substituting Equations (46) and (47) into the Binet
representation yield the following identity:

LHS = 236n+r+1 _ Z)\pn+r+1 7 286n+s+1 _ zﬁpn+s+1 _;
c—p c—p

2/\ n+l __ 2/\ n+1 2/\ n+r+s+1
B < 00 "t I>< 6o
c—p c—p

_zﬁpn+r+s+l g
c—p

_ 23_6n+11 _ Zﬁpn+ll 3 230_n+r+11 _ zﬁpn+r+11
c—p c—p
n+r+s+1

n+s+1 __ Iza_gn+s+1 Iza\_gn+r+s+l

—I2pp
c—p c—p

125
L 12

_(—1)"(—4733/)’ o* — 46pc’ p* + 4poc’ ™ + 43}3/)r+s)]

(6-p)
26 n+l __ 20, n+1 26 n+r+l _ 25 n+r+1
_ ( oo pp" 260 op )1
c—p c—p

ol 286n+r+s+1 _ Zﬁpn+r+s+1 B 28_6n+s+1 _ 2ﬁpn+s+1
c—p c—p

+4(=1)""'F,(F{(CLy — 1) + Ly(i — j + k))
= (CLep — CLey4y)I + I(CLeptrs — CLenys)
+4(=1)""'F(F(CLy — 1) + Ly(i — j + k)).

(62)

Thus, Equation (61) is obtained. O

Theorem 7. For positive integers n and m, where n > m, the
following identities hold true:

CLepsm + (—1)"CLen—n = LmCLeyp + I(Lyy — 1 — (=1)"), (63)
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and

CLenim — (=1)"CLey_yn = (Lem-1 + 1)CLypy1 + I((_l)m - 1),
(64)

where L, denotes the n-th Lucas number, Le, represents the n-th
Leonardo number, and CL, stands for the n-th Lucas Cartan
number.

Proof 7. Applying Binet’s formula (35) to the LHS of Equation
(63) and substituting Equations (46) and (47) into the Binet

representation yield the following identity:
LHS = 286n+m+1 _ 2/p\pn+m+1 + 2/6\6n—m+1(_1)m

c—p

_zﬁpn—m+1(_1)m
c—p

—I—I(-D)"

m6n+l _ zi)\o_mpnﬂ + zapmo_nﬂ _ 22)\pmpn+l

c—p

200

(65)
—I-I1(-D)"

26 n+l __ 25 n+1
R Caas T
6—p

+I(c" +p" - (D" —1)

= LnCLey + I(Ly — 1 — (=1)™).

The approach to proving (64) follows a similar method. O

Theorem 8. For positive integers n and m with n>1 and
m > 1, the following identity holds
CLep+1CLey1 — CLey—1CLey—y = 4[(31 + CLy)Fpim
+(14 + CF,)Lym]
— (CLeyI + ICLe,)
—4(1 +1),

(66)

where L,, and Le,, denote the n-th Lucas and Leonardo numbers,
respectively.

To illustrate the validity of Equation (66), we consider the case
m=1and n=2.
Using the definition of Leonardo Cartan numbers, we have
CLey =1+1i+3j+ 5k,
CLe; = 1+ 3i + 5j + 9K,

o (67)
CLe; =3+ 5i+9j + 15k,
CLe; = 5+ 9i + 15j + 25k
Then, the LHS of Equation (66) becomes
CLe,CLes — CLeoCLe; = 454 + 46i + 80j + 140k. (68)
On the other hand, using F3 =2, L; =4,
CF,=1+2i+3j+ 5k
(69)

CL, =3+4i+7j+11k,

the right-hand side of Equation (66) is also computed as

454 + 461 + 80j + 140k. (70)

Thus, both sides coincide, and the identity is verified for m = 1
and n = 2.

Proof 8. Applying Binet’s formula for Leonardo Cartan num-
bers to the LHS yields

LHS = 236m+2 _ 2ﬁﬂm+2 g 230'n+2 _ 2ﬁp"+2 g
c—p c—p

3 <2/o>o'm - 2pp" I) (23(7" - 2pp" I)

o—p o—p
4
= (6 — p)Z (826n+m+4 + ﬁzpn+m+4 _ 820_n+m _ ﬁzpn+m>
N 2606™ — 22J\/)m 3 286m+2 _ 2,/0\,0"“-2 I
c—p c—p

N I<2f0_\6n —2pp" _ 25612 — Z’p\p"“)
c—p c—p
= 4[(31 + CLy)Fysm + (14 + CF)Lyim]
+ (CLejy—1 — CLey41)I + I(CLey—; — CLey11)
=4{(31 + CL;)Fpim + (14 + CFy) Ly m]

— (CLeyl + ICLe,) — 4(1 + I).
(71)

Thus, Equation (66) is obtained. O

Theorem 9. For positive integers m, k and s, where m > k and
m > s, the following identity holds

CLey,+xCLey—x — CLep,+sCLeyp—

= 4(=1)""*(Fiss — LiFy)[Fiers(CLo — 1)
+ Lirs(—=i+j — k)| + (CLenys — CLepyi)l
+ I(CLe,,,_s — CLey—x),

(72)

where F,, is n-th Fibonacci number.

Proof 9. Applying Binet’s formula for Leonardo Cartan num-
bers to the LHS yields

4(_1)m+1 PN —s k —k ANl _—S§ S —k k
LHS = W(ap(osp —p™) +p5(c™°p* — 67p"))
N 230_m+s+1 _ 2ﬁpm+s+l 230’m+k+1 _ 2ﬁpm+k+1 !
oc—p oc—p

. 23_6m—k+1 _ Zﬁpm_k+1 B Zagm—s+l _ zﬁpm—s+l
c—p c—p

= 4(—1)"" " (Fiys — LiFy)[Fiss(CLo — 1)
+Liy s(—=i+j — K)] + (CLepys — CLepyi)]

+ I(CLey—s — CLey—k),
(73)

where F,, L,, and CF, represent the n-th Fibonacci, Lucas, and
Fibonacci Cartan numbers, respectively. (|
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Theorem 10. Let k, m,s, and t be positive integers such that
k > m and s > t. Under the condition k + m = s + t, the following
identity is obtained:

CLe;CLey, — CLe,CLe, = 4[(FyF, — FiFy)(CLy — 1)
— (FeLm — FsL)(G — j + k)]
+ (CLes — CLey)I
+ I(CLe; — CLey,),

(74)

where F,, and L, are n-th Fibonacci and Lucas numbers.

Proof 10. Applying Binet's formula for Leonardo Cartan
numbers to the LHS yields
1

(o—p)
_ 270\,0m+l _ I(O' _ p)) _ (26_\f'+1 _ 2,/D\PS+1
—I(o — p))(266™" — 2pp"*" — I(c - p))]

LHS =

[(Z/U\o_kﬂ _ Zﬁpkﬂ _ I(U _ p))(230‘m+1

- _“p)z (§30" 0" +ape™ = pocp’ —5p0'p')
(2/(}63-“ _ 27)\/)3+1 B 2/[}0_k+1 _ Zﬁpk+l>l
c—p c—p
. I(z;}o_tﬂ _ 2;)\/)&1 B 266Mt — 27)\pm+1)
c—p c—p
= 4((FyF; — FiFn)(CLy — 1) — (FyLym — FL)(i — j + k)
+ (CLes — CLe)I + I(CLe; — CLey,).

(75)

Thus, Equation (74) is obtained. O

Theorem 11. For positive integers n and m, with n > m, the
identities are given by

2
CFyCLey + CFyCLen = {[Lmnins1 (23 +2CLo)

= (=1)"Lyp—m(1 + 6i — 2j + 9K)| (76)
+ Fm+n+1(22 + 4CFO)
— (CF, + CF)I,

CF,CLey, — CFCLe, = 2(—1)"Fp_m(1 + 2i + 2j + 5K)

— (CF, = CF)I,

where F,, L,, CF,, and CL, denote the n-th Fibonacci, Lucas,
Fibonacci Cartan, and Lucas Cartan numbers, respectively.

(77)

Proof 11. To prove Equation (76), Binet’s formulas for the
Fibonacci Cartan and Leonardo Cartan numbers are applied,
yielding the following result:

LHS = oo _ﬁ/)n 2661 — pr\pmﬂ —I(o‘—p)
c—p c—p
+ 80""—2)\,0’" 230'”+1—27)\/)n+1—1(6—/))
c—p c—p
1

— m[4326m+n+1 + 4fp\2pm+n+1 _ 2(_1)m(/67)\6n—mp

+ poop" ™™ + Gpp
AN AN A~ m A om
B <zm pp" 00" —pp )I
c—p c—p

n—m+1 n—m+1)]

+ poo

2
= g[L,,1+,1+1(23 +2CLo) — (=1)"Ly—m(1 + 6i — 2j + 9K)]

+ Fpini1(22 + 4CFy) — (CF, + CF,)L.
(78)

The method used to prove equation (77) is analogous to the one
applied previously. O

3 | Conclusion

In this study, the fundamental properties of Leonardo Cartan
numbers were investigated, with a focus on their recurrence
relations, summation formulas, and key mathematical identities
such as the Catalan and Cassini identities. By employing Binet’s
formula, various algebraic properties were derived, and the
connections between Fibonacci, Lucas, and Leonardo sequences
were demonstrated. The findings contribute to the broader un-
derstanding of integer sequences and their extensions.

Although the present work is primarily theoretical, it is worth
noting that Cartan numbers are isomorphic to the split qua-
ternion algebra and therefore admit matrix representations.
Consequently, Leonardo Cartan numbers can also be expressed
in matrix form through this correspondence. However, such
representations and their potential applications are beyond the
scope of the present study.

Future research may explore further generalizations of Leonardo
Cartan numbers and investigate their applications in different
mathematical structures.
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