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ABSTRACT

This study establishes a novel algebraic connection between Horadam numbers and the split quaternion algebra. To this end, two

fundamental constructs are introduced: the Fibonacci Sy -split quaternions and the Horadam s, -split quaternions, which

generalize Horadam numbers within the framework of split quaternions. Several key results are derived, including the Binet-like

formula, the generating function, and the Cassini-type identity, each revealing new structural relationships between these al-

gebraic systems. The findings not only extend the scope of Horadam sequences into the realm of hypercomplex numbers but also

open potential applications in number theory and algebraic analysis. Iskender Oztiirk and Hasan Cakir contributed equally to

this study.

1 | Introduction

In recent years, hypercomplex number systems have attracted
considerable attention due to their wide-ranging applications in
geometry, physics, and algebraic structures. Among these, the
split quaternions (also known as coquaternions), introduced by
James Cockle in 1849, form an associative algebra over the real
numbers. Their algebraic and geometric structures have been
employed in many contexts. For instance, Kula and Yayl [1]
investigated their role in Lorentzian geometry, Ozdemir and
Ergin [2] studied their geometric interpretations in Minkowski
space, and recently, Oztiirk and Ozdemir [3] analyzed their
connections with spacelike and timelike frames. Beyond ge-
ometry, the algebraic nature of split quaternions has also been
utilized in matrix theory, as demonstrated by Erdogan and
Ozdemir [4], Ni et al. [5], Si et al. [6], and Wang et al. [7].
Furthermore, their applications in mechanics have been ex-
plored in several works, including Brody and Graefe [8], Jiang

et al. [9], and others [10-12]. This breadth of applications
highlights the versatility of split quaternions in both pure and
applied mathematics.

The structural richness of split quaternions has also inspired
researchers to extend various number sequences into the split
quaternionic framework. In particular, quaternionic analogs of
the Fibonacci and Lucas sequences were introduced and studied
in different contexts [13-16], while Akyigit et al. [17] formulated
more general Horadam-type constructions. A comprehensive
treatment of these extensions and their algebraic implications
can also be found in Oztiirk and Cakir’s study [18]. Conse-
quently, split quaternions have emerged as an important tool in
number theory as well as in geometry.

In addition to classical quaternionic constructions, several recent
studies have investigated quaternionic sequences associated with
various number families and hypercomplex structures. In par-
ticular, quaternionic extensions involving Leonardo numbers,
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repunit numbers, and related algebraic systems have been ex-
amined in different contexts [19-23]. These studies highlight the
increasing interest in extending recurrence sequences into
quaternionic and hybrid algebraic frameworks and provide
further motivation for exploring Horadam-type sequences within
the split quaternion algebra.

The Horadam numbers, introduced by Horadam et al. in the
1960s, represent a generalization of several well-known second-
order recurrence sequences, including the Fibonacci, Lucas, and
Pell numbers. Defined by four parameters, these sequences
possess remarkable flexibility and have been extensively studied
for their algebraic and combinatorial properties [24-29]. Their
matrix representations and determinant properties have been
analyzed in various studies, such as those by Bueno [30], Cerda-
Morales [31], Chen and Chen [32], Shi [33], and Melham and
Shannon [34]. Later works by Wani and Koul [35, 36] further
developed their matrix forms and generating functions. In recent
years, Horadam-type sequences have also been applied to
cryptographic schemes due to their recursive and modular
properties [37-44], reinforcing their relevance in both theoretical
and applied domains. In addition, Horadam-type sequences and
related Fibonacci-based structures have also been studied in
various numerical and computational contexts. For example,
Horadam and Fibonacci polynomials have been used in
collocation-based numerical approaches for solving nonlinear
and fractional differential equations [45-48].

Despite the extensive studies on both Horadam sequences and
split quaternions, a direct algebraic connection between these
two structures has not yet been systematically explored. Estab-
lishing such a relationship is significant because it extends
number-theoretic recursions into the hypercomplex domain,
allowing for new interpretations of recurrence relations, matrix
representations, and generating functions in a broader algebraic
context. This motivates the present study, which aims to reveal
how Horadam numbers can be characterized and generalized
within the split quaternion algebra.

The aim of this paper is to establish a new algebraic relationship
between Horadam numbers and split quaternions. By exploiting
the isomorphism between split quaternions and 2 X 2 real ma-
trices, we construct the split quaternion that generates Horadam
numbers and introduce two fundamental quaternionic exten-
sions: the Fibonacci Sg,-split quaternions and the Horadam
Sq,r-split quaternions.

Based on this construction, several key results are derived, in-
cluding Binet-like expressions, generating functions, and
Cassini-type identities. Through these findings, the study pro-
vides an explicit algebraic bridge between Horadam sequences
and the split quaternion algebra. Consequently, the results enrich
both number theory and hypercomplex algebra, offering a uni-
fied framework that may inspire further research in algebraic
geometry, combinatorial analysis, and applied mathematics.

The paper is organized as follows. Section 2 presents the nec-
essary preliminaries by recalling the fundamental properties of
split quaternions and Horadam numbers that constitute the
algebraic framework of the study. Section 3 introduces the
Fibonacci S, ,-split quaternions and derives their main charac-
teristics, including the Binet formula and several related

identities. Section 4 develops the concept of Horadam s, ,-split
quaternions and establishes further results such as the gener-
ating function and Cassini-type identity. Finally, Section 5
concludes the paper with a concise discussion of the obtained
results and outlines possible directions for future research.

2 | Preliminaries

In this section, we recall the basic algebraic properties and
definitions that will be used throughout the paper. For com-
pleteness, we first summarize the fundamental structure of split
quaternions and then review the main characteristics of Hor-
adam numbers, which together form the algebraic foundation of
the subsequent sections.

2.1 | Split Quaternions
The set of split quaternions can be represented as
H={a+bi+c+dki’=-172=k =ik=1}, (1)

where a, b, ¢, d are real numbers [1, 2]. Split quaternions are
noncommutative under multiplication, but they are associative.
The set of split quaternions also has zero divisors, nontrivial
idempotent, and nilpotent elements [1, 2]. A split quaternion s =
s + 821 + 53§ + 54k can be represented in the form s = Ss + Vg,
where Sg = s represents the scalar part of s and Vg = s,i + s3j +
s4k represents the vector part of s. If Sy = 0, then s is said to be
a pure split quaternion. The conjugate of the split quaternion
S=81 +5i+s35+s:k is indicated by §, and that is
§=Ss — Vg =51 — 81 — 8535 — sq4k.

For anys,w € H, the product of any two split quaternions s and w
is  sw = (SsSw + (Vs, Vi), ) + (SsVw + SwVs + Vgx1 Vyy),  re-
spectively, where (, ); represents the Lorentzian scalar product and
X represents Lorentzian vector product. The norm of any split
quaternion s is expressed as N(s) = +/[s8] = /|s? + 53 — 53 — s3|. I
N(s) = 1, then s is said to be a unit split quaternion. The character of
a split quaternion is stated by I(s) = s§ = §s = s + 53 — 57 — 52.
Any split quaternion is said to be spacelike, timelike, or lightlike if
I(s) < 0, I(s) > 0, or I(s) = 0, respectively. A pure split quaternion
corresponds to a vector in E3. The character of a pure split qua-
ternion is expressed as the product of I(Vs) = —s3 + s3 + s3. A pure
split quaternion is spacelike, timelike, or lightlike if I(Vs) > 0,
I(Vs) < 0, 0r I(Vy) = 0, respectively [1, 2, 4, 49, 50]. In [2], the polar
form of any split quaternion is stated as below:

i. If s is a timelike split quaternion and its vector part is
spacelike, then it can be stated as

s = N(s)(cosh 6 + Vgsinh 6), )

where Vj is a spacelike unit vector and cosh 6 = (|s;])/N(s),

sinh @ = \I(V5)/N(s), Vs = (521 + 53§ +54k)/A/I(Vs), and
Vi=1.

ii. If s is a timelike split quaternion and its vector part is
timelike, then it can be stated as

s = N(s)(cos 6 + Vgsin 0), 3)
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where V; is a timelike unit vector, and cosé = s1/N(s),

sin@ = \/—I(V5)/N(s), Vg = (s2i+ s3j +s:k)/\/—I(Vs), and
VZ=-1

iii. If s is a spacelike split quaternion, then it can be stated as
s = N(s)(sinh 0 + Vgcosh ), )

where Vg is a spacelike unit vector, and sinh @ = s;/N(s),

cosh @ = \I(V5)/N(s), Vs = (s21+ s3j +s4k)/I(Vs), and
Vi=1.

For any split quaternion, De Moivre formulas are given in [50].
Here, for n € N, we give these formulas as below:

i. Let s = N(s)(cosh @ + Vgsinh ) be a timelike split qua-
ternion and its vector part is a spacelike vector then

s" = (N(s))"(coshn 6 + Vgsinhn 6), (5)

ii. Lets = N(s)(cos 8 + Visin 0) be a timelike split quaternion
and its vector part is a timelike vector, then

s" = (N(s))"(cosn 8 + Vgsinn 0), (6)

iii. Let s = N(s)(sinh @ + Vgcosh @) be a spacelike split qua-
ternion, then

s" = (N(s))"(coshn @ + Vgsinhn 0),
s" = (N(s))"(sinhn @ + Vgcoshn ),

if niseven,

7
if nisodd. &

In [4, 5,7, 10-12], the split quaternion ring H is isomorphic to the
ring of real 2 X 2 matrices. That is the transformation that maps
units 1,1, j, k to 2 X 2 real matrices as follows:

10 0 -1 1 0 01
1— A— J— Jk— ,
01 1 0 0 -1 10
®)
is a ring isomorphism. The 2 X 2 real matrix representation of
a split quaternion a = a + bi + ¢j + dk is

a+c —b+d

9
b+d a-c ©)

Conversely, the split quaternion representation of a 2 X 2 real
matrix M = [a b] is
cd
a+d c—b, a-d, c+b
+ i+ j+ k.

10
2 2 2 Y 2 (10)

For detailed information about the real matrix representation of
split quaternions and related hypercomplex matrix structures,
refer to [1, 4, 5, 7, 10-12].

Recent studies have also explored various quaternionic and
matrix-based structures associated with number sequences
and hypercomplex systems, further emphasizing the in-
teraction between matrix methods and generalized qua-
ternionic models [51-54].

2.2 | Horadam Numbers

The number sequence w, = wy(a, b; g, r) is defined by a re-
cursive relation

Wy = qWy—1 — Wy, (11)
for n > 1 with initial conditions wy = a, w; = b. Then, the Binet
formula for the Horadam number

Wy, = a1 x| + axx5, (12)
where a; = (b — ax)/(x1 — x;) and a, = (ax; — b)/(x; — x3), and
X1, X, are roots of the equation x?> — gx + r = 0. In particular, if the

parameter g, r is taken 1, —1, respectively, then the Fibonacci
numbers

Ju =Jfo-1 + fa2withfo = 0,1 = 1, (13)

which are a special case of wy,, are obtained. Similarly, the Lucas
numbers are defined by

8n = 8n-1* 8n—2, 14)

with gy = 2,81 = 1 [26, 55]. In [26], Cassini identity is expressed
as follows. Let w, be n—th Horadam sequence of numbers. For
n > 1, Cassini-like identity for w, is as follows:

(Wn1)Wns1) = (Wy)* = =172, (15)
where p? = b* + ra® — qab.

1
generating matrix for the Fibonacci and Lucas numbers. Since

The generalized Fibonacci-Lucas matrix My, = [ d —Or ] is called

this matrix transforms the Fibonacci vector (f,, fn_l)T whose
components are consecutive Fibonacci numbers to the Fibonacci

vector (fut1, fn) = Mg,r(fus fn_l)T. A similar situation can be given
for a Lucas vector (g,, g.—1)" whose components are consecutive
Lucas numbers that is (gn+1, 81) = Mq,-(8n, g,,_l)T. Also, for n is
a positive integer

(16)

(M) = [fm —Ifa ]

fn _rfn—l

A detailed explanation of the subject can be found in [30-36].

Some properties of Horadam numbers can be studied with their
2 X 2 real matrix representations. Similarly, a split quaternion
can be represented with 2 X 2 real matrices. Due to this simi-
larity, split quaternions are used in this article to produce
Horadam numbers and study their various properties. In this
respect, it is aimed to provide a different expansion in the area of
use of Horadam numbers and split quaternions. For this purpose,
a split quaternion is obtained corresponding to a generalized
Fibonacci-Lucas matrix. Thus, the multiplication operation of
split quaternions, polar representation, and De Moivre formulas
are used to derive Horadam numbers and some of their
properties.

3 | The Fibonacci S, ,-Split Quaternions

Since the ring of split quaternions is isomorphic to the ring of
2 X 2 real matrices M,y,, the split quaternion corresponding to
the matrix
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My, = [‘i ‘Or ] (17)

is Sg, = (@/2) + (A +rY2i+ (@/2)j + (A = r/2)k = (¢/2) + v,
Thus, the following definition can be given.

This construction is based on the correspondence between split
quaternions and their 2 X 2 real matrix representations. In
particular, the generating matrix M, induces a quaternionic
structure through the standard matrix representation of split
quaternions [1, 4, 5].

Definition 1. The Fibonacci S, ,—split quaternions are the
(o)
sequence of numbers {S;r} defined by the linear recurrence
7 In=1
equation

S, =qSp;t—rSp? n>1, (18)

- qr
with initial conditions S), =1 and S, = (¢/2) + (1 + r)/2)i +
(¢/2)j + ((1 — r)/2)k are split quaternions.

Since N(S;,) = r, the characteristic of S, is given as follows:

« If N(S;,) =r <0, then S;, is spacelike. Thus, its polar

form is
1 _ .
Sg.r = VIr|(sinh & + cosh &%), (19)

where sinh@ = g/(2y/]r]), cosh6 = /g2 —4r/(2/[r]) and
x = (2vy,)Nq* — 4r.

o If N(Séy,) =r>0, then S}I’r is timelike. Therefore, the
following three different polar representations of the
timelike Fibonacci S ,-split quaternion occur, depending
on the character of the vector part.

i. If ¢/4—r < 0, then
S}L, = +/r(cos 6 + sin 6x), (20)

sin @ = +\/4r — q2/(2\/;), and

where  cos6 = q/(2\[r),

X = (ZV‘;J,)/\/4V -q2.

k+1 _ k k—1
Sq,r = qsq,r - rsq,r

ii. f ¢/4—r=0, then 8 =](g/2)|(x1+x%), where
x = (2vy,)/(lg)).
iii. If g%/4 —r > 0, then
S;» = \r(zcosh 0 + sinh 6x), (21)

where cosh@ = (|q)/(2\r), sinh@=+/q> —4r/(2\/r), and
x = (2vy, JNg? —4r.

The sequence {u,},., considered below corresponds to a special
case of the Horadam sequence obtained by choosing specific
initial parameters in the general recurrence relation defined
in (11).

Theorem 1. Let Sy, = (@2) + (1 +1)2)i+ (¢/2)j+
(@ = ry2)k be a split quaternion. Then, n > 1

Sn — Upt1 — FUp—1 + (1 + r)“n; Upt+1 + run—l; + (1 - r)unl
@r 2 2 2 J 2
(22)
n
s;, = (sh,)" (23)

where {u,},2, is a generalized Fibonacci sequence with recurrence
relation u, = qu,—1 — ru,—; and initial condition uy =0, u; = 1.

Proof 1. We prove Equation (22). We prove it by mathematical
induction on n. Demonstrate that the assertion is true for n = 1.
Thus,

y _Ww—rug  (A4+nw,  uztrug, (1 -nug
I s L I k
24
q 1+r, q, 1-r
=2+ i+tj+—%k
2T AT

Hence, Equation (22) holds when n = 1. Assume Equation (22)
holds when n = k for any integer k > 1; that is, assume that

Mice1 = Ml (A + Nuy,

+7 — 1—7
Uj4+1 Ul l; ( )uk] .
2 2

kK _
Sqr = 2 J 2

(25)

We want to prove that it remains valid when n = k + 1. By the
inductive hypothesis, we obtain

(1 + rug, 4+ Uert +rug-r, | (L= nPug

_ [ Uk+1 — TUg—
1 2 2

+
2 2 )

U — gy (14 Nug—q,
-7 + i
2 2

U +rug—z, (=g
2 7 2

(26)

_ QM1 — Tl — 1(qUi—1 — Fk—>) + (A + r)(qug — rug—1),

2

2

4 Qicer = 1t + 1(qUi — FUk—2). + (1 = r)(quk — rug-1),
j k

2

_ Uk+2 — MUk

(r+ 1)uk+1;

2

Uz + ruk, (1= Uk,

2 2

) ] > K.
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We have thus shown that if Equation (22) holds for n = k, it must
also hold for n =k + 1. By the principle of mathematical in-
duction, the result follows for all positive integers n. Equation

Corollary 1. If r > 0, then the polar form of Sy, is as follows.

(23) can be proven in a similar way. 0
n pA e
Sy, = \r (cosnf +sinn@x)andx = ——2—  if1 —r <0,
|g* — 4r|
1 i q2 27
S H (+1+ nx)andx = —%" ifL _,—q @)
b2 lql 4

2v,
Spr = \JF'(2coshn 6 + sinhn 6x)andx = Ul

where cos @ = (¢/2)/'r and cosh 8 = (|¢/2|)/r.

Proof 2. This can be seen clearly from the De Moivre formulas
for split quaternions. O

For example, for r > 0, the polar form of the Fibonacci Sg,-split
quaternion Sq,,SZ’r with respect to the parameters g,r of the
equation x>—gx+r=0 is shown in Table 1, where

u=3i+2j-ky2, w=2i+2j-k
Corollary 2. If r <0, then the polar form of Sy, is as follows:
n, . . .
Sgr = \|r[ (sinhn @ + coshn 6x),  ifnisodd,

(28)

Sgr = VIr"(coshn 6 + sinh 0x),  ifniseven,

where  sinh6 = ¢/(24/[r]),

x = (2vy,)/\g* —4r.

Proof 3. This can be seen clearly from the De Moivre formulas
for split quaternions. O

cosh @ = /g% — 4r/(2\/—|7| ), and

For example, for r < 0, the polar form of the Fibonacci S ,-split
quaternion SZ,r according to the parameters g, r of the equation

x2 — gx + r = 0 is exhibited in Table 2.

Corollary 3. Let n be a positive integer. Then, the following
statement is valid:

i N(SI,)=1"

ii. 487, +1ST, = —(1+ uy, kS;, + kST = (1 - )u,

1 2
ifq——r>0,

Proof 4.
i. We prove it by direct calculation.
N ) - (4 (0

_ (un+1 + mn—l>2 _ ((1 — ”)un>2 (29)
2 2

= r(ufl - un—lun+1) - r(r"_l) -

ii. This identity follows directly from the multiplication rules
of split quaternions. By computing the products isg,, and

iS;, using the definition of S7, in (22) and collecting the
scalar and vector parts, the relation iSj, +iSy, =
—(1+ru, is obtained. A similar calculation gives
kSZ‘,r + kaZ‘,r =1 -nruy. O

Theorem 2 (Binet-like Formula). Binet formula for Fibo-
nacci Sq,—split quaternions is

n o~ N o~ N
Sq,r = 11Xy + a2X,, (30)

where a; = (b — ax,Y/ (X1 — x2), az = (ax; — bY/(x; — X2), X1, X, are
roots of the equation x* — qx+r =0 and @& = (( — ry/(2x))+
(A +ry2)i+0q +r/(a)j + (1 -r/2)k @ = (05 —ry
@)+ (A +ry2)i+ (3 + rV(2x)j + (1 - ry2)k.

Proof 5. We write a;x!™1 + axx™!, apx? + apx?, and ayxi™ +
ax* instead of u,_1, up, and u,4; in Equation (22), respectively.
When the necessary arrangements are made, it can be seen that

TABLE 1 | Polar and numerical representations of SZ’, for selected (g, r) pairs®.

Numerical
q r Polar form of S}, value of S,
2 5 -1 . -1 —4—4u
V2 (cos(5cos711/4/2) + sin(5cos™11/4/2 up)
2 1 [(2/2)PQ + 53 +j)) 1+5i+5j
- 5 . _
4 3 \/5 (cosh(Scosh_lz/\/g) + sinh(5cosh 12/\/—3: W) 122 + 121w
“The polar form corresponds to the timelike representation of SZ', in the split quaternion algebra.
°The variable u (or w) denotes the unit direction in the respective split quaternion form.
Journal of Mathematics, 2026 50f11
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TABLE 2 | Polar and numerical forms of SZ}, for different (g, r) values®.
Numerical
q r Polar form of S; b value of S; .
1 -1 sinh(5sinh™1/2) + cosh(Ssinh™'1/2)(j + 2k)/\/5 11/2 + (5/2)j + 5k
2 -1 41 +29G + k)

sinh(5sinh™'1) + cosh(5sinh™1)(j + k)/\/—Z'

*The values correspond to the spacelike representation of S , in the split quaternion algebra.
®Computations are based on the respective (g, r) parameters m the split quaternion algebra.

_ Upy1 — FlUp—1 (1 + r)un

Unpt1 + run—l; + (1 - r)unk

n 1
Sy, = 5 +

n+1

a4+ apxit = r(aax

-1 + azxg"l)

J 2

2

n+1 n+1

L X + a5+ (o x !

+ azx;’_l)_
J+

1+ r)(ax] + azxg’);+
2

(1 - r)(alx? + (lzx;)l’

2

_ a Xt — rapdt! (1 + r)(alx;‘)i N

2

axt prapx, (1- r)(oclxq‘)I

2 2

X3t — raxi!

1+ r)(oczx;‘)i N

j+ k
5 J 5 (31)

a5 et (- r)(azxg‘)b
k

2 2

2 J 2

-1
X1 — 1] a+r),
= a1x§’< 5 + 5 1+

—1
X1+ Xy,
j+

X2+ 15t

0=y
2

X, — X, 1+7r),
+a22(2 S By . )i+

Thus, Equation (30) is obtained. OJ

Theorem 3. Generating function of Fibonacci Sy,—split qua-
ternions is

1- STx
CQJ’(X) = 7 20 (32)
1—gx+rx
where S) =1, S, = (¢/2) + (1 +ry2)i+ (¢/2)j + (1 -rV2)k
is the initial condition.

Proof 6. Let the function

Cq,r(x) = Z—:O S;,yxn’ (33)

be the generating function of S ,. Multiplying both sides of (33)

by gx and —rx?, respectively, yields the following three equations:
Cor(x¥) =Sy, +S, X +S; x> +8) x° +-

—qS%x - (39

1 Cor(x) = 1Sg X% + 18, X° + 1S x* + 78] |

—qxCq,(x) = gxS, — qS, X* — ¢S] x

These equations can be arranged as follows, so

TaaSa = (aToSu ! - rEsSh )
Cq,r(x) = 2
1—gx+rx
S0, + (s}], - qsg,,)x + Z;’;z(s{;, (qS" s 2>)x
B 1—gx+ rx* ’

(35)

a-n,
J + 2 l\).

(a8 = 1872)
1+ (Sq,, — q)x)/

S;’rx)/(l —gx +rx?). O

is obtained. Using the equation Z;’C;Z(SZ,,
x"=0, it can be seen that Cg,(x)=

AI-gx+m®)=>1-

4 | The Horadam sg,-Split Quaternions

Definition 2. For any integer n > 1, n—th Horadam s, ,—split
quaternion is defined as

s;”, =Wy, + Wpi +wyj + w1k, (36)

where w,, are Horadam numbers with initial conditions wy = a,
w; =b, and i* = -1, j* = K* = ijk = 1.

(o)
It can be easily seen that the sequence {sg,} satisfies the
7 Jn=0

Horadam recurrence:

R @)
with sy, = a+((ag = b)/r)i+aj+((ag—Db)rk, and s;, =b +
ai + bj + ak is the initial condition.

Theorem 4. n—th Horadam s, ,—split quaternion is calculated
as follows:

=S, si !l =wy+weai+wij+wenk n>1 (38)

with sg’r =a+((ag—byni+dj+((ag—byrk and s;, =b+
ai + bj + ak is the initial condition.

Proof 7. We prove it by mathematical induction. For n = 2, we
have
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ol q 1+r, q. 1-r . .
o Sq,q,—<E+Tl+§]+7k>(b+a1+bj+ak)

= (bq — ar) + bi + (bq — ar)j + bk,

=w, + wii+wyj + wk

(39)

So Equation (38) is true for n = 2. Let this be true for n = k — 1.
Accordingly,
Sk— — Sl k—2

qr q.r q r (40)
= Wi—1 + Wil + Wi—1j + w2k

is true. Now, we show by induction that it is true for n = k. Then,
we obtain

1 k—
_Sqr q.r

1+r, . 1—r . .
= (% + S + %] + Tk)(wk_l + Wie—ad + Wi + Wi—2K)

= (qWi—1 — "Wi—2) + Wi1d + (qWi — TWi2)j + Wik

= Wk + Wi—1i + wij + w1 ke
(41)

Thus, by mathematical induction, Equality (38) is true for all
positive integers n. O

Theorem 5. n—th Horadam sy ,-split quaternion is calculated
as follows:

sy, =S, ! (1” =wp+weitwij+w,k n>1, (42

with s, = a + ((aq — byr)i+aj + ((ag —byr)k, and s;, =b +
ai + bj + ak is the initial condition.

Proof 8. We prove it by mathematical induction. It is clear that
Equality (42) is true for n = 2. We assume that it is true for
n =k —1. That is

k—1 Sk—2 1

Sqr =

= Wy + Wioi + Wqj + wroke (43)

‘We show that it is true for n = k. Then, we obtain that
k _ gQk-1,1 _ gl k—2,1
Sqr =Sq; Sqr = Sq’,(Sq,r sqy,>
= S;’,(wk_l + Wi—ad + Wi + wi—2K)

= (qWi-1 — "Wg_2) + W_1i + (qWi_1 — rwi_2)j + wr1 K

Proof 9. We write ayx{™ + axxi™1, ag X! + apx} instead of wy_1,
wy, in Equation (36), respectively. When the necessary ar-
rangements are made, we obtain
s;',, =Wy + Wyqi+wyj +wpk
+ axy V)it
+ sk (46)

= ((xlx;‘ + alxil_li + alx;’j + alxl 1k)+

= (alx? + azx;') + (alxl

+ (alx;‘ + azx;‘)j + (alxl

+ (azxg + azx;’_li + azxgj + azxg_lk).

Thus,
sy, = X (L7 +j +x0'K) + a7 (14511 +j + x5 k),
(47)

can be written. Thus, we have sg’, = a0 X + a0 X5 O

Theorem 7. Generating function of Horadam sg,-split qua-
ternions is

0 sl
b s e e )
1—gx+ e

Cqr(X) =

where s =a+ ((aq — byr)i+ aj + ((aqg — byr)k, and s =b+
ai + bj + ak is the initial condition.

Proof 10. Let the function
Cqr(X) = 2 sy X", (49)
n=0

be the generating function of sj,. Multiplying both sides of (49)
by —gx and rx?, respectively, yields the following three equations:

Cor(X) =85, + 83 X+ X 45, X + -
—qxcg,r(x) = qxsg ;= qs1 ,x2 - qs; X — qsé”,x4 — (50)

rx’cg (x) = rs) % + sy X + 18] Xt sy X0 4

These equations can be arranged as follows, so

1 2
g TS = (2 =D )
cqr(x) = ,
@ 1—gx+n?

0 1 0 Sy -1 -2
Sgr F Sg,X — g8y, X + Zn=2<sg,r - (qsg’,r — sy, ))x"
1—gx+nrd

Cq,r(x) =

>

=Wy + Wy_1i+ ij + w1k (51)
(44) is  calculated. Using (37), we have Zf;z(sg,r—
(gsp;' —rsy;?))x" =0. From here, it is obtained that
By mathematical induction, Equality (42) is true for all positive cgr(x) = (Sq,r + (sq’r _ qsg,,)x)/(l — gx + ). 0
integers n. O o .
) o ) Theorem 8 (Cassini-like identity). For n € N,
Theorem 6 (Binet-like identity). Binet-like formula for
Horadam sy ,-split quaternions is SZIISZ;I _ (SZJ)z = oy, (52)
Sgr = 101 X] + a2 X5, (45)
—1gn+l 2 _ 2.2
wherea; = (b — ax,)/ (1 — Xx2), ap = (ax; — b)Y/ (1 — x3), and x1, X, Sqr SZ,J; - (Sg,r> = =2r'""p’v,, (53)
are  roots of the equation x*—gx+r=0 and . L.
o =1+x7i+j+xk @ = T+x5ti+j+ x5k where vi =1+j, v, =r+qi+rj+ gk
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Proof 11. Using Definition 2 and multiplication of split qua-
ternions, when the calculation is made for the left hand side (L)
of Equation (52), it can be seen that

L = (Wns1 + Wal + Wya1j + wpK)(Wao1 + Wooal + Wyoj + wy—oK)
= (Wn + Wy + wyj + wn_lk)2
= 2Wp (Wna1 + Wil + Wpiaj + wiK)
= 2wy (Wy + Wyad + Wej + Wy K)
= 2((Wn-1Wpa1 = W) + (Wno1Wnsr — w3)j)

= 2(Wno1 Wit — w2 )(A +j).

(54)
From Equation (15), we obtain s}t's}”! —s! = —2r""'p’v,.
Equation (53) can be proven in a similar way. O

Definition 3. Forany integer n > 1, n—th Horadam P, — pure
split quaternion is defined as

n _ Wno1+ Wy, . Wi — Wi
Pl = itwi+ ————k n>1, (55)
where w, denotes Horadam numbers with initial conditions
wo=a, w, =b,and i’ = -1,j* = k* =ijk = 1.

This expression is obtained from the structure of the Horadam
Sqr-split quaternion by eliminating the scalar component and
arranging the remaining vector part in terms of the neighboring
Horadam numbers w,,_;, w,,, and wy,41.

It can be easily seen that the sequence {PZ},} satisfies the

Horadam recurrence:

Py =qP) ' — 1P} (56)

2 qr’

with Py, = (b + (ag — b)/r)/2)i + aj + (((aq — b)/r - b)/2)k, and
Pé}r = ((a+gb—ra)/2)i + bj + (a — (gb — ra)/2)k is the initial
condition.

Theorem 9. n—th Horadam Pg,—pure split quaternion is
calculated as follows: for n > 1,

no_ ol pn-l _ Wn-1+Wni1, . Wy — Wy
Py, =8, Py = — i +w,j+ — k, (57)

_ —1pl _ Wp—-1 + Wnt1, . Wp—1 — Wpp1

Py =S, P, =—————i+twyj+ fk’ (58)
with ngr = ((b+ (aq — bYrY2)i + aj + (((aq — b)/r — b)/2)k, and
Pé,r =((a+gb—ray2)i+bj+ (a—(gb—ray2)k is the initial
condition.

Proof 12. Tt can be proved as in Theorems 4 and 5. O

Theorem 10 (Binet-like identity). Binet-like formula for
Horadam Py ,-split quaternions is

PZ,V = al(i]x{‘ + az(:fzxg, (59)

wherea; = (b — ax;)/(x1 — X3), az = (ax1 — b)Y/ (x1 — Xx3), and x1, X,
are roots of the equation x*—gx+r=0 and a; = (1 +x3)
Qx)i+j+ (A =xYQa)k @ =1 +x3)/(2x0)i+j+ (1 -x3)
(20))k.

Proof 13. We write apx ! + apxi™, agx} + apx, and a1 +
axxi*! instead of wy_1, wy,, and wyy; in Equation (55), re-
spectively. After computation, we find that

no_ Wpo1+ Wy, ., Wpo1 — Wpyg
_ ((lelil_l + azxg_l) + (alx;”'l + azxg+l)1.+
3 i
a xn—l +a xn—l —(a xn+1 +a xn+1
+(oqx;1+oux;‘)j+(11 2 )2(11 e’ )L
XL+ x Xt —x
= a2 i+j+ =2 Kk |+
! 1( 2 J 2
-1 -1
X + X, . xz — X2

+ | 2 i+j+ k).

> 2( 2 J 2 )
(60)

Thus,
1+ 1-x
Pl = alx;‘(Tll w0
(61)
1+ 1—x2
+ a7t 2 +j+ 2k ),
2% ( 2 J 2

is obtained. It can be seen that P(’]‘y, = X} + a00x5. O

Theorem 11. Generating function of Horadam Pyg,-split qua-
ternions is

0 1 0
P+ (Pq,r - qPq,,)x
(1—gx+rx?)

Py (x) = (62)

where Pg,r = ((b+ (aq — byry2)i+aj+ (((ag — byr — by2)k,
and P}N =((a+qgb—ra)y2)i+bj+ (a—(gb—ray2)k is the
initial condition.

Proof 14. 1t can be proved as in Theorem 7. O
Theorem 12 (Cassini-like identity). For n € N,

— 2 —
PZ,‘:‘—IPSJI - <Pg,r> =" lpzu’ (63)
— 2 _ _
Pg,rlpg,*r—l - <PZ,r) =r"p’g, (64)

whereu = —(1/(2r))(4r — ¢?) + (1/2)(¢/r) (r + Vi + (1/2)(q¥/r)j—
1/2)(g/r)(r - Dk

Proof 15. Using Equation (55) and the equation

_ wy — an—l
Wy = -
Wpy1 = qWy — Wy, (65)

2
Whio = @ Wy — qiWy_1 — I'Wy,

when the calculation is made for the left hand side (L) of
Equation (63), it can be seen that
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wy + W, . . Wy —=w Wp—2 + Wy, . Wy_y — W,
L =< n n+21+wn+],] + n n+2k)< n—2 n1+wn71‘] + n—2 nk)
2 2 2 2
Wy—1 + Wy, . W —w 2
_( n—1 5 "+11+w,d+ n—1 5 n+1k)

(66)

2
q-—4r, , 2
=" (W2 — qwuw,_1 + rw;,_,)
qr+1) .
+ S (W2 — qwawy_y + 1wy i

2
q .
+ Z(Wi — qWaWy1 + TW,_y )j

q(r—1)
- T(Wi -

Since wy4; = qw, — rw,,_; and from Equation (15), we obtain
PyiP)t — P =r"'p’u. Equation (64) can be proven in
a similar way. O

5 | Conclusions

In this study, the structural relationship between Horadam
numbers and the split quaternion algebra was established, based
on the observation that both possess a 2 X 2 real matrix repre-
sentation. Within this framework, the Fibonacci S,-split qua-
ternions and the Horadam s, ,-split quaternions were defined.
Furthermore, several fundamental results, including the Binet-
like formula, generating function, and Cassini-like identities,
were derived to reveal the algebraic properties of these se-
quences. The investigation of Horadam sequences over the split
quaternion algebra enhances their potential applications in
number theory and hypercomplex algebra. Consequently, this
work provides a theoretical framework that may inspire further
research in algebraic geometry and applied mathematics, of-
fering a new perspective on the interaction between Horadam
numbers and split quaternion structures. A possible direction for
future research is the investigation of the geometric in-
terpretation of these structures in the context of the hyperbolic
geometry associated with the split quaternion algebra.

Compared with other classical polynomial families such as
Chebyshev, Legendre, or Jacobi polynomials, Horadam-type
structures provide a flexible four-parameter recurrence that si-
multaneously generalizes several well-known sequences, in-
cluding the Fibonacci and Lucas numbers. This flexibility makes
them particularly suitable for algebraic constructions involving
matrix representations and hypercomplex extensions, such as the
split quaternion framework considered in this work.
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